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Outline

• Part 1

Factorization of 2-RDM in terms of one-electron reduced functions

• Part 2

Linear response equations, Rowe equation of motion, (Extended)RPA

• Part 3

Direct approach: density matrix functional based on factorization formula 
and (Extended)RPA

• Part 4

Employing Adiabatic Connection construction, Multireference Wavefunction 
gets in.



Part 1

Factorization of 2-RDM in terms of 1-electron functions

A. D. McLachlan, M. A. Ball, Rev Mod Phys 36, 844 (1964). 
J. Dobson, in Time-Dependent Density Functional Theory; Marques, M. A. L., et al., Eds.; Springer:  Berlin, 
2006; pp 443-462.



Density matrices and density functions

• One-electron reduced density matrix (1-RDM): operator, matrix, and function

• A spin-summed diagonal part of 1-RDM is simply electron density

I. PLAN OF LECTURES

Lecture 1: General framework of RPA correlation energy approximations without men-

tioning of the áuctuation-dissipation theorem, H2 dissociation curve from "exact" RPA and

the e§ect of truncation -summation, RPA with HF reference, References: McLachlan Ball,

Furche review paper, Dobson in TD-DFT book

Lecture 2: RPA in DFT: adiabatic connection, direct RPA, long-range RPA, implemen-

tation, performance, References: Furche, Toulouse, Kronik Rev Mod Phys., Scuseria, Rinke,

Kroesse, Tkatchenko

Lecture 3: ERPA, emphasize that there is no need?? for  integration. come back to H2

and compare, He dimer.

II. GENERAL CONSIDERATIONS

First let us deÖne a few basic quantities that will be needed (deÖnitions are consistent

with the McLachlan&Ball paper):

1-electron reduced matrix operators and elements in a basis set of orthonormal spinor-

bitals f'p(x)g

̂pq = â
y
qâp (1)

pq = h0j̂pqj0i (2)

 (x; x0) =
X

pq

pq'p(x)'q(x
0) (3)

A diagonal part is simply electron density after spin-summation

(r) =
X



 (x; x)

If the spinorbitals diagonalize , i.e.

pq = nppq

they are called naturals spinorbitals. 2-electron RDM operator and the matrix itself read

̂pqrs = â
y
râ
y
sâqâp

pqrs =

0jâyrâ

y
sâqâpj0



1
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y
râ
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• Spinorbitals which diagonalize 1-RDM are called natural spinorbitals
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qâp (1)

pq = h0j̂pqj0i (2)

 (x; x0) =
X

pq

pq'p(x)'q(x
0) (3)

A diagonal part is simply electron density after spin-summation

(r) =
X



 (x; x)

If the spinorbitals diagonalize , i.e.

pq = nppq

they are called naturals spinorbitals. 2-electron RDM operator and the matrix itself read

̂pqrs = â
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• Diagonal elements of 1-RDM in the representation of the natural spinorbitals 
are called natural occupation numbers



• Two-electron reduced density matrix (2-RDM): an operator, a matrix, and a 
function

• A spin-summed diagonal part of 2-RDM is simply a pair density function
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and in the spatial representation

(x1; x2;x
0
1x
0
2) =

X

pqrs

pqrs'p(x1)'q(x2)'r(x
0
1)
's(x

0
2)


Taking diagonal and spin-summing yields an ordinary pair density function

(2)(r; r0) =
X

;0

(x1; x2;x1x2)

Since Hamiltonian includes only one- and two-particle operators, i.e.

Ĥ =
X

pq

âyqâphqp +
1

2

X

pqrs

âyrâ
y
sâqâp hrsjpqi

hpqjrsi =
Z Z

'p(x1)
'q(x2)

r112 'r(x1)'s(x2)dx1dx2

its expectation value - the energy - is obtained from 1- and 2-RDMís:

E =
D
0jĤj0

E
=
X

pq

pqhqp +
1

2

X

pqrs

pqrs hrsjpqi

or in the Örst quantization parlance

E = Eone +
1

2

Z Z
(r1; r2)

jr1  r2j
dr1dr2

By playing with the anticommutation relations for fermionic creators and anihilation

operators

âysâp = âpâ
y
s + ps

âypâ
y
q = â

y
qâ
y
p

âqâp = âpâq

2-RDM operators can be written in terms of 1-RDM operators

̂pqrs = â
y
râ
y
sâqâp = â

y
râ
y
sâpâq = â

y
r


âpâys + ps


âq = â

y
râpâ

y
sâq  â

y
râqps

= ̂pr̂qs  ̂qrps

Only singlet excitations needed. Elements of 2-RDM, read

pqrs =
D
0j̂pqrsj0

E
= h0j̂pr̂qsj0i  qrps

2

Density matrices and density functions
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y
râ
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• Electronic Hamiltonian includes only one- and two-particle operators

• Its expectation value (electronic energy) is determined by 1- and 2-RDM

Electronic Hamiltonian and electronic energy
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y
q = â
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y
râ
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sâq  â
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0jĤj0

E
=
X

pq

pqhqp +
1

2

X

pqrs

pqrs hrsjpqi

= Eone + Eee

or in the Örst quantization parlance

Eee =
1

2

Z Z
(r1; r2)

jr1  r2j
dr1dr2

By playing with the anticommutation relations for fermionic creators and anihilation

operators
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• Anticommutation relations for fermionic creation and anihilation operators

• By using anticommutation relations 2-RDM operator can be expressed in 
terms of 1-RDM operators

Writing 2-RDM operator in terms 1-RDM operators
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y
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• 2-RDM elements read therefore 

Writing 2-RDM operator in terms 1-RDM operators

Only singlet excitations needed. Elements of 2-RDM, read

pqrs =
D
0j̂pqrsj0

E
= h0j̂pr̂qsj0i  qrps

Insert the resolution of identity [completness of electronic states jvi]

1̂ =
X



ji hj = j0i h0j+
X

 6=0

jvi h j

to obtain

pqrs =
D
0j̂pqrsj0

E
= h0j̂pr j0i h0j ̂qsj0i+

X

 6=0

h0j̂pr jvi h j ̂qsj0i  qrps

= prqs +
X

 6=0

0pr 
0
qs  qrps

We have introduced transition density matrices for excitation/deexcitation from/to a ground

state to/from an excited state :

0pr = h0j̂prji

0pr = h j̂prj0i

Assuming that the elements are real we can write

0pr = h j̂prj0i =

 jâyrâpj0


=
D
âyrâp

+
 j0

E
=

0jâypârj


= 0rp

So the 2-RDM and also pair density is expressed in terms on one-electron elements:

pqrs = prqs +
X

 6=0

0pr 
0
qs  qrps

(2)(r1; r2) =
X

1;2

pqrs'p(x1)'q(x2)'r(x1)
's(x2)



= (r1)(r2) +
X

 6=0

0(r1)
0(r2) (r1)(r1  r2)

where transition density reads

0(r) =
X

1

X

pr

0pr'p(x)'r(x)


=
X

1

X

pr

0rp'r(x)
'p(x) = 

0(r)

3

• A set of states         is complete. Use resolution of identity

Only singlet excitations needed. Elements of 2-RDM, read
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âyrâp

+
 j0

E
=

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=
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=
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i.e. in terms of transition density matrix for excitation to a excited state

Writing 2-RDM operator in terms 1-RDM operators

• 2-RDM matrix elements are now expressed as 

Only singlet excitations needed. Elements of 2-RDM, read
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We have introduced transition density matrices for excitation/deexcitation from/to a ground

state to/from an excited state :

0pr = h0j̂prji

0pr = h j̂prj0i

Assuming that the elements are real we can write

0pr = h j̂prj0i =

 jâyrâpj0


=
D
âyrâp

+
 j0

E
=

0jâypârj


= 0rp

So the 2-RDM and also pair density is expressed in terms on one-electron elements:

pqrs = prqs +
X

 6=0

0pr 
0
qs  qrps

(2)(r1; r2) =
X

1;2

pqrs'p(x1)'q(x2)'r(x1)
's(x2)



= (r1)(r2) +
X

 6=0

0(r1)
0(r2) (r1)(r1  r2)

where transition density reads

0(r) =
X

1

X
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0pr'p(x)'r(x)


=
X

1
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'p(x) = 
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and upon insertion a resolution of identity, valid due to completness of electronic states

fjvig,

1̂ =
X



ji h j = j0i h0j+
X

 6=0

ji h j (21)

into the Örst term of Eq.(20) one is Önally led to the following expression

pqrs = h0j̂pr j0i h0j ̂qsj0i+
X

 6=0

h0j̂pr jvi h j ̂qsj0i  qrps

= prqs +
X

 6=0

0pr 
0
qs  qrps (22)

The elements

0pr

are transition density matrix elements for excitation from a ground

state j0i to an excited state jvi, namely

0pr = h0j̂prji (23)

0pr = h j̂prj0i =

0rp


(24)

Employing realtion (22) in Eq.(8) and (9) results in expressing pair density in terms of

electron density and transition densities, i.e.

(2)(r1; r2) = (r1)(r2) +
X

 6=0

0(r1)
0(r2) (r1)(r1  r2) (25)

where transition densities have been deÖned as

0(r) =
X



X

pr

0pr'p(x)'r(x)


(26)

= 0(r) (27)

and it has been used that spinorbitals form a complete set so

X

p

'p(r1)'p(r2)
 = (r1  r2) (28)

Employing the relation (22) in Eq.(14) results in

Eee = J [0 ] +
1

2

X

pqrs

 
X

 6=0

0pr 
0
qs  qrps

!
hrsjpqi (29)

so the energy interaction has been expressed only by one-electron properties, i.e. by electron

density in the Coulomb repulsion component

J [0 ] =
1

2

X

pqrs

prqs hrsjpqi =
1

2

Z Z
(r1)(r2)

jr1  r2j
dr1dr2 (30)

3

This relation is exact.



Electron interaction energy in terms of one-electron reduced functions

• So we have we have arrived at electron interaction energy written in terms of 
one-electron density functions
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The elements

0pr

are transition density matrix elements for excitation from a ground

state j0i to an excited state jvi, namely

0pr = h0j̂prji (23)

0pr = h j̂prj0i =

0rp


(24)

Employing realtion (22) in Eq.(8) and (9) results in expressing pair density in terms of

electron density and transition densities, i.e.

(2)(r1; r2) = (r1)(r2) +
X

 6=0

0(r1)
0(r2) (r1)(r1  r2) (25)

where transition densities have been deÖned as

0(r) =
X



X

pr

0pr'p(x)'r(x)


(26)

= 0(r) (27)

and it has been used that spinorbitals form a complete set so

X

p

'p(r1)'p(r2)
 = (r1  r2) (28)

Employing the relation (22) in Eq.(14) results in

Eee =
1

2

X

pqrs

pqrs hrsjpqi (29)

= J [] +
1

2

X

pqrs

 
X

 6=0

0pr 
0
qs  qrps

!
hrsjpqi (30)

3

so the energy interaction has been expressed only by one-electron properties, i.e. by electron

density in the Coulomb repulsion component

J [] =
1

2

X

pqrs

prqs hrsjpqi =
1

2

Z Z
(r1)(r2)

jr1  r2j
dr1dr2 (31)

and transition densities in exchange-correlation term

Exc =
1

2

X

pqrs

 
X

 6=0

0pr 
0
qs  qrps

!
hrsjpqi

=
1

2

Z Z P
 6=0 

0(r1)
0(r2) (r1)(r1  r2)
jr1  r2j

dr1dr2 (32)

Now the advantage of choosing a particular factorisation in Eq.(19) becomes evident. Only

those transition density matrices (or transition densities), wich correspond to excitation

preserving spin are needed to evaluate exhange-correlation part of the electron interaction

energy from Eq.(32). Eq.(32) is exact as long as exact transition densities are employed.

Its practical usefulness hinges upon availability of e¢cient linear response methods which

would yield accurate one-electron properties.

III. HARTREE-FOCK REFERENCE

ONe of the most simplest references one could employ in order to Önd exchange-correlation

energy seems to be Hartree-Fock state. This possibility has been explored in the early days

of RPA methods, see for example MB paper. Clearly, employing uncoupled Hartree-Fock

transition density matrices, i.e. employing as excited states single determinants resulting

from exciting electrons from the occupied orbitals i; j; : : : into virtual ones a; b; : : :

ji =
ab::ij::


(33)

does not lead to any improvement over Hartree-Fock. Namely, the only nonvanishing tran-

sition density matrix elements 0pr would correspond to single excitations jai i and in the

representation of the HF spinorbitals they would read

0pr = pari (34)

pq = nppq (35)
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Part 2

Linear response equations, TD-RDMFT, Rowe’s equation of motion, 
(Extended)RPA

D. J. Rowe, Rev. Mod. Phys. 40, 153 (1968). 
K. Pernal, K. Giesbertz, O. Gritsenko, and E.J. Baerends, J. Chem. Phys. 127, 214101 (2007).
K. Chatterjee and K. Pernal, J. Chem. Phys. 137, 204109 (2012).



TD-RDMFT

• The linear response equations read

and they involve the frequency-dependent coupling matrix

quantity defined as

8pqvw Kpqvw(!) = 2

Z
e�i! (t�t0)

⇥
@
P

rst {�prst[�](t)h'q'r|'s'ti � �tsrq[�](t) h't's|'r'pi}
@�vw(t0)

����
�=�(0)

d(t� t0) ,

(5)

In the adiabatic approximation

8pqvw Kpqvw =
@
�P

rs(W
⇤
rs[�]�Wsr[�])U

⇤
rpUsq

 

@�vw

�����
�=�(0)

, (6)

where

Wpq =

⌧
�Eee[�]

�'p
'q

�
. (7)

And the adiabatic equations read (A changed to �A and the definition modified
accordingly)

(A+B) XI(!) = ! N X

R(!) , (8)

(A�B) XR(!) = ! N X

I(!) , (9)

Apq,rs = Bpr,sr = (ns � nr)(��prhqs + �qshrp �Kpqrs)

Npq,rs = (np � nq)�pr�qs

If the functional is of the form

Eee[�] =
1

2

X

pqrs

�rspq[n] hpq|rsi

then

A

TD�RDMFT = A

ERPA

B

TD�RDMFT = B

ERPA

2 General form of the JK functionals

The ee energy reads

EHF
ee [�] =

1

2

X

pq

npnq hpq|pqi �
1

2

X

pq

npnq hpq|qpi

2

First slide

Ĥ0 = E00

Ĥn = Enn

!n = En  E0

Linear response
(r;t) =

X

kl

kl(t)'k(r)'l(r)
 (1)

Introduce a generalized susceptibility function 

ij(t) =
X

kl

Z 1

1
ij;kl(t t

0)kl(t
0)dt0

or, in terms of the corresponding Fourier transforms,

ij(!) =
X

kl

ij;kl(!)kl(!) (2)

ij;kl(!) = lim
!0

X

I 6=0

8
<

:

D
0jâ

y
j âij I

ED
I jâ

y
kâlj0

E

!  EI + E0 + i


D
0jâ

y
kâljI

ED
I jâ

y
j âij0

E

! + EI  E0 + i

9
=

;

(3)

(x1; x2;x
0
1; x

0

2) =
N(N  1)

2


Z
(x01; x

0
2; x3; : : : ; xN )

(x1; x2; x3; : : : ; xN )dx3 : : : dxN

(x) = (x; x)

1 Linear response TD-RDMFT

8pq
X

rs

rs(!)[! prqsprhqs+qshrpKpqrs(!)] = (npnq) vqp(!) ; (4)

where fvqp(!)g is the set of the Fourier-transformed matrix elements of the
perturbing potential and fnpg are the unperturbed natural occupation num-
bers (note that the basis set of the unperturbed natural spinorbitals is used,
fp(x)g  f'p(x)g). The !-dependent coupling matrix K(!) is a complicated
quantity deÖned as

8pqvw Kpqvw(!) = 2

Z
ei! (tt

0)


@
P

rst


prst[](t)h'q'rj's'ti  tsrq[](t) h't'sj'r'pi



@vw(t
0)


=(0)

d(t t0) ;

(5)

1K. Pernal, K. Giesbertz, O. Gritsenko, and E.J. Baerends, J. Chem. Phys. 127, 214101 (2007). 



Adiabatic approximation to TD-RDMFT equations

K. Giesbertz, K. Pernal, O.V. Gritsenko, and E.J. Baerends, J. Chem. Phys. 130, 114104 (2009).

• For a functional being natural orbital and natural occupation numbers functional

In the adiabatic approximation

8pqvw Kpqvw =
@
P

rs(W

rs[]Wsr[])U


rpUsq



@vw


=(0)

; (6)

where

Wpq =


Eee[]

'p
'q


: (7)

And the adiabatic equations read (A changed to A and the deÖnition modiÖed
accordingly)

(A+B) XI(!) = ! N XR(!) ; (8)

(AB) XR(!) = ! N XI(!) ; (9)

Apq;rs = Bpq;sr = (nr  ns)(prhqs  qshrp +Kpqrs)

Npq;rs = (np  nq)prqs

8p>q XR
pq(!) = (np  nq)1Repq (!)

8p>q XI
pq(!) = (np  nq)1Impq (!)

8pq pq(!) = pq np(!) + (np  nq) Upq(!) : (10)
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qp ; (107)

8p 0pp = 0 : (108)
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Rowe’s equations-of-motion

• Consider an eigenequation of the Hamiltonian 
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Rowe

Ĥ j0i = E0 j0i

Ĥ ji = E ji

! = E  E0
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D. J. Rowe, Rev. Mod. Phys. 40, 153 (1968).

The Rowe’s equations-of-motion formalism is based on the concept of 
excitation and dexcitation operators 

I. EOM

Define the Hamiltonian and the excitation and the deexcitation operators

H |⇥⇤ = E� |⇥⇤ (1)

O+
� |0⇤ = |⇥⇤ (2)

O� |0⇤ = 0 (3)

Then

[H, O+] |0⇤ = ⇤�O
+ |0⇤ (4)

Multiply by an arbitrary state ⇥0| �O to obtain

⇥0| �O[H, O+] |0⇤ = ⇥0| �O[H, O+] |0⇤ � ⇥0| [H, O+]�O |0⇤ = ⇥0| [�O, [H, O+]] |0⇤ (5)

where

⇥0| [H, O+]�O |0⇤ = ⇥0| HO+�O |0⇤ � ⇥0| O+H�O |0⇤ = E0 ⇥0| O+�O |0⇤ � 0 = 0 (6)

Altogether

⇥0| [�O, [H, O+]] |0⇤ = ⇤� ⇥0| [�O,O+] |0⇤ (7)

Since

⇥0| [[�O,H], O+] |0⇤ = ⇥0| [[�O,H]O+] |0⇤ � ⇥0| O+[�O,H], |0⇤

= ⇥0| �OHO+ |0⇤ � ⇥0| H�OO+ |0⇤ = ⇥0| �OHO+ |0⇤ � E0 ⇥0| �OO+ |0⇤

(8)

and

⇥0| [�O, [H, O+]] |0⇤ = ⇥0| �O[H, O+] |0⇤ = ⇥0| �OHO+ |0⇤ � ⇥0| �OO+H |0⇤ = ⇥0| �OHO+ |0⇤

� E0 ⇥0| �OO+ |0⇤ (9)

we can take an average of ⇥0| [[�O,H], O+] |0⇤ and ⇥0| [�O, [H, O+]] |0⇤ and write

⇥0| [�O,H, O+] |0⇤ = ⇤� ⇥0| [�O,O+] |0⇤ (10)

where

2[A, B, C] = [A, [B, C]] + [[A, B], C] (11)
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Extended Random Phase Approximation

• Only single excitations in the excitation operator

In the adiabatic approximation

8pqvw Kpqvw =
@
P

rs(W

rs[]Wsr[])U


rpUsq



@vw


=(0)

; (6)

where

Wpq =


Eee[]

'p
'q


: (7)

And the adiabatic equations read (A changed to A and the deÖnition modiÖed
accordingly)

(A+B) XI(!) = ! N XR(!) ; (8)

(AB) XR(!) = ! N XI(!) ; (9)

Apq;rs = Bpr;sr = (nr  ns)(prhqs  qshrp +Kpqrs)

Npq;rs = (np  nq)prqs

8p>q XR
pq(!) = (np  nq)1Repq (!)

8p>q XI
pq(!) = (np  nq)1Impq (!)

8pq pq(!) = pq np(!) + (np  nq) Upq(!) : (10)

If the functional is of the form

Eee[] =
1

2

X

pqrs

rspq[n] hpqjrsi

then

ATDRDMFT = AERPA

BTDRDMFT = BERPA

2 ERPA

Oy =
X

p>q


Xpqa

y
paq + Ypqa

y
qap


(11)

The ERPA equations [cf. K. Chatterjee and K. Pernal, J. Chem. Phys. 137,
204109 (2012).] are given by the A and B matrices and for singlet excitations
they read

8r>s
X

p>q

(Arspq +Brspq)(Xpq + Ypq) = !(nr  ns)(Yrs Xrs) (12)

8r>s
X

p>q

(Arspq Brspq)(Ypq Xpq) = !(nr  ns)(Xrs + Yrs) (13)

2

K. Chatterjee and K. Pernal, J. Chem. Phys. 137, 204109 (2012).
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Extended Random Phase Approximation

• Only single excitations in the excitation operator
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If the functional is of the form

Eee[] =
1

2

X

pqrs

rspq[n] hpqjrsi

then

ATDRDMFT = AERPA

BTDRDMFT = BERPA

2 ERPA

Oy =
X

p>q


Xpqa

y
paq + Ypqa

y
qap


(11)

The ERPA equations [cf. K. Chatterjee and K. Pernal, J. Chem. Phys. 137,
204109 (2012).] are given by the A and B matrices and for singlet excitations
they read

8r>s
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(Arspq +Brspq)(Xpq + Ypq) = !(nr  ns)(Yrs Xrs) (12)

8r>s
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p>q

(Arspq Brspq)(Ypq Xpq) = !(nr  ns)(Xrs + Yrs) (13)

2

K. Chatterjee and K. Pernal, J. Chem. Phys. 137, 204109 (2012).
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Ĥ ji = E ji

! = E  E0

19

In the adiabatic approximation

8pqvw Kpqvw =
@
P

rs(W

rs[]Wsr[])U


rpUsq



@vw


=(0)

; (102)

where

Wpq =


Eee[]

'p
'q


: (103)

Eee[] =
1

2

X

pqrs

rspq[n] hpqjrsi

Wpq =


Eee[]

'p
'q


=
X

ptrs

ptrs[n] hrsjqti : (104)

0

@ A B

B A

1

A

0

@ X

Y

1

A = !

0

@ N 0

0 N

1

A

0

@ X

Y

1

A (105)

Apqrs = Bpq;sr = (nr  ns)(prhqs  qshrp +Kpqrs)

Npqrs = (np  nq)prqs

8p>q 0qp = (nq  np)Y

pq ; (106)

8p<q 0qp = (np  nq)X

qp ; (107)

8p 0pp = 0 (108)

Rowe
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only 1- and 2-RDM’s 
are needed!



TD-RDMFT vs. ERPA

• If the electron repulsion functional is of the general form 

In the adiabatic approximation
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The ERPA equations [cf. K. Chatterjee and K. Pernal, J. Chem. Phys. 137,
204109 (2012).] are given by the A and B matrices and for singlet excitations
they read
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2

Adiabatic TD-RDMFT equations are identical to those of ERPA.

ATDRDMFT = AERPA(;)

BTDRDMFT = BERPA(;)
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Part 3

Direct approach: density matrix functional based on the 
factorization formula for 2-RDM and ERPA

K. Pernal, Int. J. Quant. Chem., DOI: 10.1002/qua.25462 (2017).



Reconstruction of 2-RDM via ERPA(=adiabatic TD-RDMFT)

Here is the idea:



Reconstruction of 2-RDM via ERPA(=adiabatic TD-RDMFT)

• Electron interaction in terms of 1-electron functions

and upon insertion a resolution of identity, valid due to completness of electronic states

fjvig,

1̂ =
X



ji h j = j0i h0j+
X

 6=0

ji h j (21)

into the Örst term of Eq.(20) one is Önally led to the following expression

pqrs = h0j̂pr j0i h0j ̂qsj0i+
X

 6=0

h0j̂pr jvi h j ̂qsj0i  qrps

= prqs +
X

 6=0

0pr 
0
qs  qrps (22)

pqrs = prqs +
X

 6=0

0pr 
0
qs  qrps

The elements

0pr

are transition density matrix elements for excitation from a ground

state j0i to an excited state jvi, namely

0pr = h0j̂prji (23)

0pr = h j̂prj0i =

0rp


(24)

Employing realtion (22) in Eq.(8) and (9) results in expressing pair density in terms of

electron density and transition densities, i.e.

(2)(r1; r2) = (r1)(r2) +
X

 6=0

0(r1)
0(r2) (r1)(r1  r2) (25)

where transition densities have been deÖned as

0(r) =
X



X

pr

0pr'p(x)'r(x)


(26)

= 0(r) (27)

and it has been used that spinorbitals form a complete set so

X

p

'p(r1)'p(r2)
 = (r1  r2) (28)

Employing the relation (22) in Eq.(14) results in

Eee =
1

2

X

pqrs

pqrs hrsjpqi (29)

= J [] +
1

2

X

pqrs

 
X

 6=0

0pr 
0
qs  qrps

!
hrsjpqi (30)
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Here is the idea:

• Transition reduced density matrices from linear response (ERPA=adiabatic kernel)

In the adiabatic approximation
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Ĥ j0i = E0 j0i

Ĥ ji = E ji

! = E  E0

8pqrs Arspq = Brsqp = (nr  ns)(prhsq  sqhpr)

+
X

tu

purt hstjjqui+
X

tu

stqu hupjjtri

+
X

tu

turq hpsjtui+
X

tu

sptu htujqri

+ sq
X

twu

wurt htpjwui+ pr
X

tuw

swtu htujwqi

19

In the adiabatic approximation

8pqvw Kpqvw =
@
P

rs(W

rs[]Wsr[])U


rpUsq



@vw


=(0)

; (102)

where

Wpq =


Eee[]

'p
'q


: (103)

Eee[] =
1

2

X

pqrs

rspq[n] hpqjrsi

Wpq =


Eee[]

'p
'q


=
X

ptrs

ptrs[n] hrsjqti : (104)

0

@ A B

B A

1

A

0

@ X

Y

1

A = !

0

@ N 0

0 N

1

A

0

@ X

Y

1

A (105)

Apqrs = Bpq;sr = (nr  ns)(prhqs  qshrp +Kpqrs)

Npqrs = (np  nq)prqs

8p>q 0qp = (nq  np)Y

pq ; (106)

8p<q 0qp = (np  nq)X

qp ; (107)

8p 0pp = 0 (108)

Rowe
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Reconstruction of 2-RDM via ERPA(=adiabatic TD-RDMFT)

A = A(; ~)

B = B(; ~)

ERPA

Let us notice that the reconstructed ERPA 2-RDM is consistent with the input 1-RDM 

in the following sense

X

q

ERPApqrq (; ~) = (N  1)nppr ; (109)

(a normalization property of , namely
P

p np = N has been used) i.e. partial summation of

ERPA yields the input 1-RDM . In other words, ERPA does not provide any reÖnement

to one-electron density matrix. One should also note that even though ERPA is properly

normalized,
X

pq

ERPApqpq (; ~) = N(N  1)

ERPA(~; ) 6= ~

, in general it does not satisfy symmetry conditions so ERPA is not N -representable.

Electron interaction energy following from the reconstructed ERPA reading

EERPAee [;] =
1

2

X

pqrs

ERPApqrs (; ~) hrsjpqi (110)

will be called EERPAee . Obviously, since ERPA equations are never exact, the resulting

transition density matrices are only approximate.

A = A(; ~)

B = B(; ~)
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H2 test case
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2-RDM(ERPA)-FCI: ERPA equations solved for the exact (FCI) 1- and 2-RDM’s. 
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H2 test case

Use Hartree-Fock 1- and 2-RDM’s in ERPA equations

A = A(; ~)

B = B(; ~)
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to one-electron density matrix. One should also note that even though ERPA is properly

normalized,
X
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ERPApqpq (; ~) = N(N  1)
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, in general it does not satisfy symmetry conditions so ERPA is not N -representable.

Electron interaction energy following from the reconstructed ERPA reading

EERPAee [;] =
1

2
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pqrs

ERPApqrs (; ~) hrsjpqi (110)

will be called EERPAee . Obviously, since ERPA equations are never exact, the resulting

transition density matrices are only approximate.
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B = B(HF ;HF )
) ERPA
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Eee = Eee[
ERPA]
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2-RDM(ERPA)-HF: ERPA equations solved for the HF 1- and 2-RDM’s
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BB kernel

EBBee =
1

2

X

pq

npnq hpqjpqi $
1

2

X

pq

p
npnq hpqjpqi

$BBpqrs = npnq%pr%qs $
p
npnq%ps%qr

A = A(&FCI ;$BB)

B = B(&FCI ;$BB)
) $ERPA

Eone = Eone[&
FCI ]

Eee = Eee[$
ERPA]

21

Use of BB functional gives rise to a BB kernel in TD-DMFT

M. A. Buijse and E. J. Baerends, Mol. Phys. 100, 401 (2002).
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ERPA (=TD-DMFT) equations will be solved with accurate 1-RDM and BB 
2-RDM

relative energies (approximating dissociating energies) are equally low for the three models.

Clearly, employing the formulas E
AC(0)
corr or E

AC(1)
corr allows one to avoid performing numerical

-integration. Usage second-order expression E
AC(0)
corr provides further advantage in reducing

the computation cost, since there is no need to solve full ERPA problem. Only solutions of

the separate ERPA problems for each group are required. For the GVB-PP ground state

wavefunction a simple closed-form expression has been derived, which leads to the sameM5

scaling with the number of basis set functions M of the AC(0)-GVB method as that of the

MP2 method. It is quite remarkable, taking into account that AC(0)-GVB accounts for

dynamic and static correlation and it remains accurate in the strong correlation regime.

Conclusions

AC, ERPA, linearized AC are comparable in accuracy but linearization is the least ex-

pensive. Advantage over perturbation treatment of Rosta - no need to Önd excited states -

lower cost. Possibility to use AC for GPF, CASSCF?

M5 Scaling makes the AC(0)-GVB method the most e¢cient multireference method.

Also for weak interaction.

only for singlet states but extension to CASSCF should be possible

equivalence with ERPA-GVB established.

The integrand is linear only in the strongly correlated regime since static correlation is

taken into account by group functions and degeneracy does not lead to divrgance in the

denominator. Thus, the linearized approximation and the  = 1 interpolation should be

useful also in the general GPF case! Stays stable for multiple bond dissociation - more than

one pair of degenerate orbitals.

GVB reference

EACGV B = EGV B +

Z 1

0

W d

EAC1GV B = EGV B +
1

2
W =1 = EERPAGV B

EAC0GV B = EGV B +W (0) +
1

2
W (1)

CASSCF reference

EAC1CASSCF = ECASSCF +
1

2
W=1

BBpqrs = npnqprqs 
p
npnqpsqr

12

M. A. Buijse and E. J. Baerends, Mol. Phys. 100, 401 (2002).



H4 linear chain dissociation

FCI or CAS 1-RDM, BB kernel in ERPA equations
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H2O symmetric (both O-H bonds) dissociation
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Part 3 - conclusions

The naive reconstruction of the full 2-RDM from 1-RDM and approximate 
transition density matrices from ERPA

A = A(; ~)

B = B(; ~)

ERPA

Let us notice that the reconstructed ERPA 2-RDM is consistent with the input 1-RDM 

in the following sense

X

q

ERPApqrq (; ~) = (N  1)nppr ; (109)

(a normalization property of , namely
P

p np = N has been used) i.e. partial summation of

ERPA yields the input 1-RDM . In other words, ERPA does not provide any reÖnement

to one-electron density matrix. One should also note that even though ERPA is properly

normalized,
X

pq

ERPApqpq (; ~) = N(N  1)

ERPA(~; ) 6= ~

, in general it does not satisfy symmetry conditions so ERPA is not N -representable.

Electron interaction energy following from the reconstructed ERPA reading

EERPAee [;] =
1

2

X

pqrs

ERPApqrs (; ~) hrsjpqi (110)

will be called EERPAee . Obviously, since ERPA equations are never exact, the resulting

transition density matrices are only approximate.

A = A(; ~)

B = B(; ~)
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Part 3 - conclusions

The naive reconstruction of the full 2-RDM from 1-RDM and approximate 
transition density matrices from ERPA

Only singlet excitations needed. Elements of 2-RDM, read

pqrs =
D
0j̂pqrsj0

E
= h0j̂pr̂qsj0i  qrps

Insert the resolution of identity [completness of electronic states jvi]

1̂ =
X



jvi h j = j0i h0j+
X

 6=0

jvi h j

to obtain

pqrs = h0j̂pr j0i h0j ̂qsj0i+
X

 6=0

h0j̂pr jvi h j ̂qsj0i  qrps

= prqs +
X

 6=0

0pr 
0
qs  qrps

We have introduced transition density matrices for excitation/deexcitation from/to a ground

state to/from an excited state :

0pr = h0j̂prji

0pr = h j̂prj0i

Assuming that the elements are real we can write

0pr = h j̂prj0i =

 jâyrâpj0


=
D
âyrâp

+
 j0

E
=

0jâypârj


= 0rp

So the 2-RDM and also pair density is expressed in terms on one-electron elements:

pqrs = prqs +
X

 6=0

0pr 
0
qs  qrps

(2)(r1; r2) =
X

1;2

pqrs'p(x1)'q(x2)'r(x1)
's(x2)



= (r1)(r2) +
X

 6=0

0(r1)
0(r2) (r1)(r1  r2)

where transition density reads

0(r) =
X

1

X

pr

0pr'p(x)'r(x)


=
X

1

X

pr

0rp'r(x)
'p(x) = 

0(r)

3

In the adiabatic approximation

8pqvw Kpqvw =
@
P

rs(W

rs[]Wsr[])U


rpUsq



@vw


=(0)

; (102)

where

Wpq =


Eee[]

'p
'q


: (103)

Eee[] =
1

2

X

pqrs

rspq[n] hpqjrsi

Wpq =


Eee[]

'p
'q


=
X

ptrs

ptrs[n] hrsjqti : (104)
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A (105)

Apqrs = Bpq;sr = (nr  ns)(prhqs  qshrp +Kpqrs)

Npqrs = (np  nq)prqs

8p>q 0qp = (nq  np)Y

pq ; (106)

8p<q 0qp = (np  nq)X

qp ; (107)

8p 0pp = 0 (108)

Rowe

Ĥ j0i = E0 j0i

Ĥ ji = E ji

! = E  E0

8pqrs Arspq = Brsqp = (nr  ns)(prhsq  sqhpr)

+
X

tu

purt hstjjqui+
X

tu

stqu hupjjtri

+
X

tu

turq hpsjtui+
X

tu

sptu htujqri

+ sq
X

twu

wurt htpjwui+ pr
X

tuw

swtu htujwqi
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A = A(; ~)

B = B(; ~)

ERPA

Let us notice that the reconstructed ERPA 2-RDM is consistent with the input 1-RDM 

in the following sense

X

q

ERPApqrq (; ~) = (N  1)nppr ; (109)

(a normalization property of , namely
P

p np = N has been used) i.e. partial summation of

ERPA yields the input 1-RDM . In other words, ERPA does not provide any reÖnement

to one-electron density matrix. One should also note that even though ERPA is properly

normalized,
X

pq

ERPApqpq (; ~) = N(N  1)

ERPA(~; ) 6= ~

, in general it does not satisfy symmetry conditions so ERPA is not N -representable.

Electron interaction energy following from the reconstructed ERPA reading

EERPAee [;] =
1

2

X

pqrs

ERPApqrs (; ~) hrsjpqi (110)

will be called EERPAee . Obviously, since ERPA equations are never exact, the resulting

transition density matrices are only approximate.

A = A(; ~)

B = B(; ~)
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In the adiabatic approximation
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... does not work with approximate kernels (2-RDM’s) used in ERPA 
equations.

A = A(; ~)

B = B(; ~)

ERPA

Let us notice that the reconstructed ERPA 2-RDM is consistent with the input 1-RDM 

in the following sense

X

q

ERPApqrq (; ~) = (N  1)nppr ; (109)

(a normalization property of , namely
P

p np = N has been used) i.e. partial summation of

ERPA yields the input 1-RDM . In other words, ERPA does not provide any reÖnement

to one-electron density matrix. One should also note that even though ERPA is properly

normalized,
X

pq

ERPApqpq (; ~) = N(N  1)

ERPA(~; ) 6= ~

, in general it does not satisfy symmetry conditions so ERPA is not N -representable.

Electron interaction energy following from the reconstructed ERPA reading

EERPAee [;] =
1

2

X

pqrs

ERPApqrs (; ~) hrsjpqi (110)

will be called EERPAee . Obviously, since ERPA equations are never exact, the resulting

transition density matrices are only approximate.

A = A(; ~)

B = B(; ~)
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Part 4

Employing Adiabatic Connection construction, Multireference 
Wavefunction gets in.

Employing the Adiabatic Connection (AC) formalism together 
with the ERPA equations results in the (dynamic) Electron 
Correlation expression for the Multireference Wavefunction



Multireference methods



Multireference methods

• A multireference wavefunction is assumed in a form of a linear combination of 
at least two Slater determinant.

• The long-range electron correlation (static correlation), responsible i.g. for 
correct description of bond dissociation, is already accounted for by the form 
of a wavefunction.



Multireference methods

• A multireference wavefunction is assumed in a form of a linear combination of 
at least two Slater determinant.

• The long-range electron correlation (static correlation), responsible i.g. for 
correct description of bond dissociation, is already accounted for by the form 
of a wavefunction.

• The missing part of (mostly dynamic) correlation is included via:

• excitation of electrons to virtual orbitals (configuration interaction CI 
methods)

• applying perturbative corrections (e.g. CASPT2, NEVPT2 methods)

• adiabatic connection formula
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Multireference wavefunctions (CASSCF, DMRG)

MCSCF; CASSCF :

I1 = inactive orbitals

I2 = active orbitals

I3 = secondary (virtual) orbitals

is expanded in one-electron subspace of basis functions, I.

Correlation energy:

Ecorr  E0  ERef : (4)

The states f Ig are strongly orthogonal, which is a consequence of the fact that the

subsets of orbitals are disjoint.

The ansatz given by Eqs.(1)-(3) includes as a special case a single determinantal wave-

function (Hartree-Fock determinant), which corresponds to partitioning of electrons into

one-electron groups. In general, though, each group contains more one electron and ... more

about this ansatz. say the it misses inter-group correlation and there are consequences of it.

Throughout the paper atomic units are used and operators and integrals are represented

in the natural orbitals corresponding to the ansatz (1). Natural spinorbitals, denoted as

f'p(x)g, x combining spatial and spin coordinates, form a basis in which a one-electron

reduced density matrix  is diagonal ???lowdin. For the considered form of the wavefunction

 is group-additive, i.e.  =
P

I I and the one-electron density matrix of the Ith group I

is obtained from the corresponding state  I

8I I(x;x
0) =

X

pq2I

h I j ̂pq j Ii 'p(x)'q(x0) ; (5)

where ̂pq = âyqâp and the density matrix is diagonal in the assumed basis of the natural

spinorbitals, h I j ̂pq j Ii = nppq.

The Hamiltonian comprises one- and two-electron parts and it is deÖned as

Ĥ =
X

pq

âypâqhpq +
1

2

X

pqrs

âyrâ
y
sâqâp hrsjpqi : (6)

The one-electron integrals hpq =
R
'p(x)



t̂+ ̂ext


'q(x) dx involve a kinetic energy oper-

ator, t̂, and ̂ext - an external potential operator. Two-electron integrals are deÖned in a

usual way as hpqjrsi =
R R

'p(x1)
'q(x2)

r112 'r(x1)'s(x2) dx1dx2. The expectation value

3



Correlation Energy

• The expectation value of the electronic energy

where

of the Hamiltonian for the assumed wavefunction given in Eq.(1) reads

ERef =
D
jĤj

E
=
X

I

h I j
NIX

i=1

ĥ(xi) +

NIX

i<j

r1ij j Ii+
X

I>J

EIJCoulExch : (7)

The second term in Eq.(7) collects pairwise Coulomb and exchange interactions between

di§erent groups of electrons, namely

EIJCoulExch =

Z Z
I(x1)J(x2)

r12
dx1dx2 

Z Z
I(x1;x2)J(x2;x1)

r12
dx1dx2 ; (8)

where I(x) = I(x;x) is a density of electrons belonging to a group I. While the interaction

of electrons belonging to di§erent groups is described in an averaged (SCF) manner, the level

of correlation among electrons within a given group I depends on the form of a wavefunction

 I assumed for a given group (in principle, the correlation may be taken into account in a

full CI level if the wavefunction  I is of the FCI type for a subspace of orbitals I).

Clearly, the energy (7) misses completely contribution from correlation of electrons be-

longing to di§erent groups. Introduce a correlation energy as a di§erence between an exact

ground state energy, E0, of a given system and E, i.e.

Ecorr  E0  ERef : (9)

The optimal wavefunction (1), which minimizes the energy expression given in Eq.(7), is

composed of the group-wavefunctions  I , each of them satisfying an eigenequation

ĤI I = EI I ; (10)

of a group Hamiltonian ĤI given as

ĤI =
X

pq2I

heffpq âypâq +
1

2

X

pqrs2I

âyrâ
y
sâqâp hrsjpqi ; (11)

where an e§ective one-electron Hamiltonian element, heffpq , for a group I includes a contri-

bution from the Coulomb and exchange interaction with all other groups, namely

8pq2I heffpq = hpq +

pj̂IHX jq


; (12)


pj̂IHX jq


=
X

J 6=I

X

r2J

nr [hprjqri  hprjrqi] : (13)
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1

2

X

pqrs2I
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• Correlation energy is defined with respect to the exact ground state value
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ĥ(xi) +

NIX

i<j

r1ij j Ii+
X

I>J

EIJCoulExch : (7)

The second term in Eq.(7) collects pairwise Coulomb and exchange interactions between

di§erent groups of electrons, namely

EIJCoulExch =

Z Z
I(x1)J(x2)

r12
dx1dx2 

Z Z
I(x1;x2)J(x2;x1)

r12
dx1dx2 ; (8)

where I(x) = I(x;x) is a density of electrons belonging to a group I. While the interaction

of electrons belonging to di§erent groups is described in an averaged (SCF) manner, the level

of correlation among electrons within a given group I depends on the form of a wavefunction

 I assumed for a given group (in principle, the correlation may be taken into account in a

full CI level if the wavefunction  I is of the FCI type for a subspace of orbitals I).

Clearly, the energy (7) misses completely contribution from correlation of electrons be-

longing to di§erent groups. Introduce a correlation energy as a di§erence between an exact

ground state energy, E0, of a given system and E, i.e.

Ecorr  E0  ERef : (9)

The optimal wavefunction (1), which minimizes the energy expression given in Eq.(7), is

composed of the group-wavefunctions  I , each of them satisfying an eigenequation
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1

2

X

pqrs2I
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• Define the adiabatic connection Hamiltonian

2

electrons belonging to di↵erent groups is described only
in an averaged (SCF) way. Introduce a correlation energy
as a di↵erence between an exact ground state energy, E0,
of a given system and E, i.e.

Ecorr ⌘ E0 � E . (5)

The optimal wavefunction (1), which minimizes the en-
ergy expression given in Eq.(4), is composed of the group-
wavefunctions  I such that each of them satisfies a group-
eigenequation

ĤI I = EI I , (6)

A group Hamiltonian ĤI is given as

ĤI =
X

pq2I

heff
pq â†pâq +

1

2

X

pqrs2I

â†râ
†
sâqâp hrs|pqi , (7)

where an e↵ective one-electron Hamiltonian element,
heff
pq , for a group I includes a contribution from

the Coulomb and exchange interaction with all other
groups, namely 8pq2I heff

pq = hpq +
⌦
p|�̂IHX |q

↵
where⌦

p|�̂IHX |q
↵

=
P

J 6=I

P
r2J nr [hpr|qri � hpr|rqi]. As it

has been already noted in Ref.[2] an optimal group func-
tion (1) is an eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI . (8)

To find expression for the correlation energy in the
adiabatic connection framework define an adiabatic-
connection (AC) Hamiltonian in the usual way as

Ĥ↵ = Ĥ(0) + ↵Ĥ 0 , (9)

where Ĥ 0 = Ĥ � Ĥ(0). By varying a coupling strength ↵
between 0 and 1 one smoothly switches between a group-
noninteracting system (↵ = 0) and a fully interacting
case (↵ = 1). Let { ↵

⌫ } be a complete set of eigenfunc-
tions of the adiabatic connection Hamiltonian

Ĥ↵ ↵
⌫ = E↵

⌫ 
↵
⌫ . (10)

For ↵ = 0 inter-group correlation e↵ects are absent and
a ground state eigenfunction  ↵

0 turns into a group-
function  given in Eq.(1), whereas the energy is given
by a sum of the group-energies, i.e. E↵=0

0 =
P

I EI . Hav-
ing defined the adiabatic connection Hamiltonian, Eq.(9),
with the known ground state of the 0th-order Hamilto-
nian Ĥ(0) it is straightforward to derive an adiabatic-
connection formula for the correlation energy given in
Eq.(5). A derivation employs an exact relation between

a two-electron reduced density matrix �↵ =
D
 ↵

0 |�̂| ↵
0

E
,

a one-electron reduced density matrix �↵ = h ↵
0 |�̂| ↵

0 i
and transition one-electron density matrices �↵,0⌫ =
h ↵

0 |�̂| ↵
⌫ i reading [3]

�↵pqrs = �↵pr�
↵
qs +

X

⌫ 6=0

�↵,0⌫pr �↵,⌫0qs � �↵qr�ps . (11)

The final adiabatic connection expression for the correla-
tion energy reads (details of the derivation can be found
in Suppl. Mat.)

EAC
corr =

Z 1

0
W↵ d↵ , (12)

W↵ =
1

2

X0

pqrs

0

@
X

⌫ 6=0

�↵,0⌫pr �↵,⌫0qs + (np � 1)nq�rq�ps

1

A hrs|pqi ,

(13)
where prime indicates that terms corresponding to
spinorbitals p, q, r, s belonging to the same group are ex-
cluded from the summation.
The expression for the adiabatic connection integrand

given in Eq.(13) has been obtained by assuming that for
each value of ↵ a one-electron reduced density matrix
�↵ is equal to �, i.e. 8↵2[0,1] �↵pq = �pqnp. Notice
that a similar assumption is exploited in the standard
random phase approximation (RPA) for the correlation
energy [3, 4]. In fact, it can be checked by inspection
that in a special case of one-electron group functions (a
group function (1) taking form of a Slater determinant)
the adiabatic connection expression (13) becomes equiv-
alent to the one used in the RPAX correlation energy
formula [4, 5]. In RPA methods (proposed for a single
reference wavefunction) transition density matrices �↵,0⌫

(or transition densities) follow from TD-HF or TD-DFT
approaches (in the latter, the exchange-correlation ker-
nel is typically set to zero). The recently proposed ex-
tended random phase approximation (ERPA) [6] based
on the Rowe’s equation of motion [7], allows one to find
approximate transition density matrix elements for the
adiabatic connection Hamiltonian Ĥ↵ given in Eq.(9).
By following derivation of the ERPA equations shown in
Ref.[6] with the fully interacting Hamiltonian Ĥ replaced
by its adiabatic connection counterpart Ĥ↵ one is led to
the following set of ↵-ERPA equations

✓
A↵ B↵

B↵ A↵

◆✓
X

↵
⌫

Y

↵
⌫

◆
= !⌫

✓
�N 0

0 N

◆✓
X

↵
⌫

Y

↵
⌫

◆
.

(14)
The matrices A↵, B↵, N are given by one- and two-
electron ↵-dependent elements of the adiabatic connec-
tion Hamiltonian and two-electron reduced density ma-
trices corresponding to group functions (cf. Suppl. Mat.
for the explicit forms of the matrices A↵ and B↵). The
solutions to ↵-ERPA equations come in pairs of positive
and negative eigenvalues, !+

⌫ and !�
⌫ , which are equal

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
strength ↵, which can be written explicitly as

A↵ = A(0) + ↵A(1) , (15)

B↵ = B(0) + ↵B(1) , (16)

the A(0)/B(0) and A(1)/B(1) matrices being ↵-
independent. The eigenvectors (X↵

⌫ ,Y
↵
⌫ ) are directly re-

As it has been already noted in Ref.???surjan_rosta an optimal group function (1) is an

eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI : (14)

To Önd expression for the correlation energy in the adiabatic connection framework deÖne

an adiabatic-connection Hamiltonian in the usual way as

Ĥ = Ĥ(0) + Ĥ 0 ; (15)

Ĥ 0 = Ĥ  Ĥ(0) ; (16)

By varying a parameter  from 0 to 1 one smoothly switches between a group-noninteracting

system ( = 0) and a fully interacting case ( = 1). Let fg be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian
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
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 : (17)

For  = 0 inter-group correlation e§ects are absent and the ground state eigenfunction 0

turns into a group-function given in Eq.(1), whereas the energy is given by a sum of the

group-energies:
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Having deÖned the adiabatic connection Hamiltonian, Eq.(15), with the known ground

state of the "noninteracting" Hamiltonian Ĥ(0) it is straightforward to derive an adiabatic-

connection formula for the correlation energy given in Eq.(9). A derivation employs an

exact relation between a two-electron reduced density matrix  =
D
0 j̂j0

E
, a reduced

one-electron density matrix  = h0 j̂j0 i and transition one-electron density matrices

;0 = h0 j̂j i for transitions between a ground state and excited states ís, reading

???maclachlan-ball

pqrs = 

pr


qs +

X

 6=0

;0pr ;0qs  qrps : (19)

The Önal adiabatic connection expression for the correlation energy reads (details of the

derivation can be found in Suppl. Mat.)

EACcorr =

Z 1

0

W  d ; (20)
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defined as

Ĥ =
X

pq

â†pâqhpq +
1

2

X

pqrs

â†pâ
†
qâsâr hpq|rsi . (3)

The one-electron integrals hpq =R
'p(x)⇤

⇥
t̂+ �̂ext

⇤
'q(x)dx involve a kinetic energy

operator, t̂, and �̂ext - an external potential operator.
Two-electron integrals are defined in a usual way as
hpq|rsi =

R R
'p(x1)⇤'q(x2)⇤r

�1
12 'r(x1)'s(x2)dx1dx2.

The expectation value of the Hamiltonian for the
assumed wavefunction given in Eq.(1) can be written as

E =
X

I

h I | [
NIX

i=1

ĥ(xi)+
NIX

i<j

r�1
ij ] | Ii+

X

I>J

EIJ
HX . (4)

The second term in Eq.(4) collects group-pairwise
Coulomb (H) and exchange (X) electron interactions be-
tween di↵erent groups of electrons. The interaction of
electrons belonging to di↵erent groups is described only
in an averaged (SCF) way and correlation among groups
is missing. Introduce a correlation energy as a di↵erence
between an exact ground state energy, E0, of a given
system and E given in Eq.(4), i.e.

Ecorr ⌘ E0 � E . (5)

The optimal wavefunction (1), minimizing the en-
ergy expression given in Eq.(4), is composed of
group-wavefunctions  I satisfying group-eigenequations,
namely

ĤI I = EI I . (6)

A group Hamiltonian ĤI is given as

ĤI =
X

pq2I

heff
pq â†pâq +

1

2

X

pqrs2I

â†râ
†
sâqâp hrs|pqi , (7)

where an e↵ective one-electron Hamiltonian element,
heff
pq , for a group I includes a contribution from

the Coulomb and exchange interaction with all other
groups, namely 8pq2I heff

pq = hpq +
⌦
p|�̂IHX |q

↵
where⌦

p|�̂IHX |q
↵

=
P

J 6=I

P
r2J nr [hpr|qri � hpr|rqi]. As it

has been already noted in Ref.[7] an optimal group func-
tion (1) is an eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI . (8)

To find expression for the correlation energy in the
adiabatic connection framework define an adiabatic-
connection (AC) Hamiltonian in the usual way as

Ĥ↵ = Ĥ(0) + ↵Ĥ 0 , (9)

where Ĥ 0 = Ĥ � Ĥ(0). By varying the coupling strength
parameter ↵ between 0 and 1 one smoothly switches be-
tween a group-noninteracting system (↵ = 0) and a fully

interacting case (↵ = 1). Let { ↵
⌫ } be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian

Ĥ↵ ↵
⌫ = E↵

⌫ 
↵
⌫ . (10)

For ↵ = 0 inter-group correlation e↵ects are absent and
a ground state eigenfunction  ↵

0 turns into a group-
function  given in Eq.(1), whereas the energy is given
by a sum of the group-energies, i.e. E↵=0

0 =
P

I EI . A
derivation of the adiabatic-connection formula for the
correlation energy employs an exact relation between a

two-electron reduced density matrix �↵ =
D
 ↵

0 |�̂| ↵
0

E
,

a one-electron reduced density matrix �↵ = h ↵
0 |�̂| ↵

0 i
and transition one-electron density matrices �↵,0⌫ =
h ↵

0 |�̂| ↵
⌫ i reading [8]

�↵pqrs = �↵pr�
↵
qs +

X

⌫ 6=0

�↵,0⌫pr �↵,⌫0qs � �↵qr�ps . (11)

The final adiabatic connection expression for the correla-
tion energy reads (details of the derivation can be found
in Supp. Mat.)

EAC
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Z 1

0
W↵ d↵ , (12)
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where the prime indicates that terms corresponding to
spinorbitals p, q, r, s belonging to the same group are ex-
cluded from the summation.
The expression for the adiabatic connection integrand

given in Eq.(13) has been obtained by assuming that for
each value of ↵ a one-electron reduced density matrix �↵

is equal to �, i.e. 8↵2[0,1] �↵pq = �pqnp. Notice that a
similar assumption is exploited in the standard random
phase approximation (RPA) for the correlation energy
[5, 8]. The recently proposed extended random phase
approximation (ERPA) [9] based on the Rowe’s equation
of motion [10], allows one to find approximate transi-
tion density matrix elements for the adiabatic connection
Hamiltonian Ĥ↵ given in Eq.(9). By following derivation
of the ERPA equations shown in Ref.[9] with the fully
interacting Hamiltonian Ĥ replaced by its adiabatic con-
nection counterpart Ĥ↵ one is led to the following set of
↵-ERPA equations

✓
A↵ B↵

B↵ A↵

◆✓
X

↵
⌫

Y

↵
⌫

◆
= !⌫

✓
�N 0

0 N

◆✓
X

↵
⌫

Y

↵
⌫

◆
.

(14)
The matrices A↵, B↵, N are given solely by ↵-dependent
elements of the adiabatic connection Hamiltonian and
one and two-electron reduced density matrices (cf. Supp.
Mat. for the explicit forms of the matrices A↵ and B↵).
Solutions of ↵-ERPA equations come in pairs of positive
and negative eigenvalues, !+

⌫ and !�
⌫ , which are equal
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• The coupling parameter switches between no-group-correlation and full 
correlation

As it has been already noted in Ref.???surjan_rosta an optimal group function (1) is an
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state of the "noninteracting" Hamiltonian Ĥ(0) it is straightforward to derive an adiabatic-

connection formula for the correlation energy given in Eq.(9). A derivation employs an

exact relation between a two-electron reduced density matrix  =
D
0 j̂j0

E
, a reduced

one-electron density matrix  = h0 j̂j0 i and transition one-electron density matrices
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The Önal adiabatic connection expression for the correlation energy reads (details of the
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Ĥ(0) =
X

I
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Ĥ 0 = Ĥ  Ĥ(0) ; (16)

By varying a parameter  from 0 to 1 one smoothly switches between a group-noninteracting

system ( = 0) and a fully interacting case ( = 1). Let fg be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian
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Adiabatic Connection (AC) formula for the Correlation Energy 

• From the Hellmann-Feynman theorem

with the eigenvalue

E(0) =
X

I

EI . (9)

A correlation energy is defined as a di↵erence between the exact ground state energy E0

satisfying the Schrödinger equation

Ĥ 0 = E0 0 , (10)

and the energy E given in Eq.(7), namely

Ecorr ⌘ E0 � E . (11)

We will find the adiabatic connection formula for Ecorr. For that purpose define the

adiabatic-connection (AC) Hamiltonian

Ĥ↵ = Ĥ(0) + ↵Ĥ 0 (12)

Ĥ 0 = Ĥ � Ĥ(0) . (13)

The Schrödinger equation for the ⌫th state of Ĥ↵ reads

Ĥ↵ ↵
⌫ = E↵

⌫ 
↵
⌫ . (14)

For the adiabatic connection parameter ↵ = 1 the AC Hamiltonian is equivalent to the

full-interaction electronic Hamiltonian and consequently

Ĥ↵=1 = Ĥ,  ↵=1
0 =  0, E↵=1

0 = E0 . (15)

For ↵ = 0 the groups are not correlated and the energy E↵=0
0 is equal to the 0th-order energy

given in Eq.(9), namely

↵ = 0 Ĥ↵=0 = Ĥ(0),  ↵=0
0 =  , E↵=0

0 = E(0) . (16)

From the Hellman-Feynman theorem one obtains

@E↵
0

@↵
=

D
 ↵

0 |Ĥ 0| ↵
0

E
. (17)

Integration of the left-hand-side of Eq.(17) and employing Eq.(7) yield
Z 1

0

@E↵
0

@↵
d↵ = E0 �

X

I

EI

= E0 � E � 1

2

X

I

X

p2I

X

J 6=I

X

q2J

npnq [hpq|pqi � hpq|qpi] . (18)
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• Integration of the left hand side yields

with the eigenvalue
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I
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We will Önd the adiabatic connection formula for Ecorr. For that purpose deÖne the

adiabatic-connection (AC) Hamiltonian

Ĥ = Ĥ(0) + Ĥ 0
(12)

Ĥ 0 = Ĥ  Ĥ(0) : (13)

The Schrˆdinger equation for the th state of Ĥ reads

Ĥ = E




 : (14)

For the adiabatic connection parameter  = 1 the AC Hamiltonian is equivalent to the

full-interaction electronic Hamiltonian and consequently

Ĥ=1 = Ĥ; =10 = 0; E=10 = E0 : (15)

For  = 0 the groups are not correlated and the energy E=00 is equal to the 0th-order energy

given in Eq.(9), namely
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From the Hellman-Feynman theorem one obtains

@E0
@

=
D
0 jĤ

0j0
E

: (17)

Integration of the left-hand-side of Eq.(17) and employing Eq.(7) yield

Z 1

0

@E0
@

d = E0 
X

I

EI

= E0  ERef 
1

2

X

I

X

p2I

X

J 6=I

X

q2J

npnq [hpqjpqi  hpqjqpi] : (18)
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• Integration of the left hand side yields

with the eigenvalue

E(0) =
X

I

EI : (9)

A correlation energy is deÖned as a di§erence between the exact ground state energy E0

satisfying the Schrˆdinger equation

Ĥ0 = E00 ; (10)

and the energy E given in Eq.(7), namely

Ecorr  E0  E : (11)

We will Önd the adiabatic connection formula for Ecorr. For that purpose deÖne the

adiabatic-connection (AC) Hamiltonian

Ĥ = Ĥ(0) + Ĥ 0
(12)

Ĥ 0 = Ĥ  Ĥ(0) : (13)

The Schrˆdinger equation for the th state of Ĥ reads

Ĥ = E




 : (14)

For the adiabatic connection parameter  = 1 the AC Hamiltonian is equivalent to the

full-interaction electronic Hamiltonian and consequently

Ĥ=1 = Ĥ; =10 = 0; E=10 = E0 : (15)

For  = 0 the groups are not correlated and the energy E=00 is equal to the 0th-order energy

given in Eq.(9), namely

 = 0 Ĥ=0 = Ĥ(0); =00 = ; E=00 = E(0) : (16)

From the Hellman-Feynman theorem one obtains

@E0
@

=
D
0 jĤ

0j0
E

: (17)

Integration of the left-hand-side of Eq.(17) and employing Eq.(7) yield
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0

@E0
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d = E0 
X

I

EI

= E0  ERef 
1

2

X

I

X

p2I

X
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X
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Thus, Eqs.(17) and (18) allow one to write the correlation energy as

Ecorr =

Z 1

0

D
0 jĤ

0j0
E
d+

1

2

X

I

X

p2I

X

J 6=I

X

q2J

npnq [hpqjpqi  hpqjqpi]

=

Z 1

0

D
0 jĤ

0j0
E
d

Z 1

0

D
jĤ 0j

E
d : (19)

The above expression can be further expanded as (use the relation

D
jĤ 0j

E
=

1
2

P
I

P
p2I

P
q2J 6=I npnq [hpqjpqi  hpqjqpi])

Ecorr =
1

2

X

pqrs

(1 IpIqIqIrIrIs)
Z 1

0

pqrsd hrsjpqi


X

I

X

pq2I

X

J 6=I

X

r2J

nr [hprjqri  hprjrqi]
Z 1

0

qpd

+
X

pq

(1 IpIq)hpq
Z 1

0

qpd

+
1

2

X

I

X

p2I

X

J 6=I

X

q2J

npnq [hpqjpqi  hpqjqpi] ; (20)

where  and  are, respectively, the one- and two-electron reduced density matrices cor-

responding to a ground state 0 , Ip denotes a group which a spinorbital p belongs to, and

the symbol IpIq equals 1 if orbitals p and q belong to the same group, 0 otherwise. The

relation (20) is exact. Assuming the equality of the 1-RDMís for all allowed values of the

parameter 

82[0;1] pq = 
=0
pq = pqnp ; (21)

leads to a simpliÖed expression for the correlation energy reading

Ecorr =

Z 1

0

W  d (22)

W =
1

2

X

pqrs

(1 IpIqIqIrIrIs)

pqrs hrsjpqi


1

2

X

I

X

p2I

X

J 6=I

X

r2J

npnq [hpqjpqi  hpqjqpi] : (23)

It is known that a two-electron reduced density matrix  is determined by 1-RDM and all

transition density matrices whose matrix elements for an excitation from the ground to the

th state are given as

0pr = h0j̂prji : (24)
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Adiabatic Connection (AC) formula for the Correlation Energy 

Use the exact relation

As it has been already noted in Ref.???surjan_rosta an optimal group function (1) is an

eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI : (14)

To Önd expression for the correlation energy in the adiabatic connection framework deÖne

an adiabatic-connection Hamiltonian in the usual way as

Ĥ = Ĥ(0) + Ĥ 0 ; (15)

Ĥ 0 = Ĥ  Ĥ(0) ; (16)

By varying a parameter  from 0 to 1 one smoothly switches between a group-noninteracting

system ( = 0) and a fully interacting case ( = 1). Let fg be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian

Ĥ = E




 : (17)

For  = 0 inter-group correlation e§ects are absent and the ground state eigenfunction 0

turns into a group-function given in Eq.(1), whereas the energy is given by a sum of the

group-energies:

Ĥ=0 = Ĥ(0); =00 = ; E=00 =
X

I

EI : (18)

Ĥ=1 = Ĥ; =10 = 0; E=10 = E0 :

Having deÖned the adiabatic connection Hamiltonian, Eq.(15), with the known ground

state of the "noninteracting" Hamiltonian Ĥ(0) it is straightforward to derive an adiabatic-

connection formula for the correlation energy given in Eq.(9). A derivation employs an

exact relation between a two-electron reduced density matrix  =
D
0 j̂j0

E
, a reduced

one-electron density matrix  = h0 j̂j0 i and transition one-electron density matrices

;0 = h0 j̂j i for transitions between a ground state and excited states ís, reading

???maclachlan-ball

pqrs = 

pr


qs +

X

 6=0

;0pr ;0qs  qrps : (19)

The Önal adiabatic connection expression for the correlation energy reads (details of the

derivation can be found in Suppl. Mat.)

EACcorr =

Z 1

0

W  d ; (20)
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ĤI : (14)

To Önd expression for the correlation energy in the adiabatic connection framework deÖne

an adiabatic-connection Hamiltonian in the usual way as
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X
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two-electron reduced density matrix (2-RDM)

As it has been already noted in Ref.???surjan_rosta an optimal group function (1) is an

eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI : (14)

To Önd expression for the correlation energy in the adiabatic connection framework deÖne

an adiabatic-connection Hamiltonian in the usual way as

Ĥ = Ĥ(0) + Ĥ 0 ; (15)

Ĥ 0 = Ĥ  Ĥ(0) ; (16)

By varying a parameter  from 0 to 1 one smoothly switches between a group-noninteracting

system ( = 0) and a fully interacting case ( = 1). Let fg be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian

Ĥ = E




 : (17)

For  = 0 inter-group correlation e§ects are absent and the ground state eigenfunction 0

turns into a group-function given in Eq.(1), whereas the energy is given by a sum of the

group-energies:

Ĥ=0 = Ĥ(0); =00 = ; E=00 =
X

I

EI : (18)

Ĥ=1 = Ĥ; =10 = 0; E=10 = E0 :

Having deÖned the adiabatic connection Hamiltonian, Eq.(15), with the known ground

state of the "noninteracting" Hamiltonian Ĥ(0) it is straightforward to derive an adiabatic-

connection formula for the correlation energy given in Eq.(9). A derivation employs an
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D
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E
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pqrs = 

pr


qs +

X

 6=0

;0pr ;0qs  qrps : (19)

The Önal adiabatic connection expression for the correlation energy reads (details of the

derivation can be found in Suppl. Mat.)

EACcorr =

Z 1

0

W  d ; (20)
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one-electron reduced density matrix (1-RDM)

As it has been already noted in Ref.???surjan_rosta an optimal group function (1) is an

eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI : (14)

To Önd expression for the correlation energy in the adiabatic connection framework deÖne

an adiabatic-connection Hamiltonian in the usual way as

Ĥ = Ĥ(0) + Ĥ 0 ; (15)

Ĥ 0 = Ĥ  Ĥ(0) ; (16)

By varying a parameter  from 0 to 1 one smoothly switches between a group-noninteracting

system ( = 0) and a fully interacting case ( = 1). Let fg be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian

Ĥ = E




 : (17)

For  = 0 inter-group correlation e§ects are absent and the ground state eigenfunction 0

turns into a group-function given in Eq.(1), whereas the energy is given by a sum of the

group-energies:

Ĥ=0 = Ĥ(0); =00 = ; E=00 =
X

I

EI : (18)

Ĥ=1 = Ĥ; =10 = 0; E=10 = E0 :

Having deÖned the adiabatic connection Hamiltonian, Eq.(15), with the known ground

state of the "noninteracting" Hamiltonian Ĥ(0) it is straightforward to derive an adiabatic-

connection formula for the correlation energy given in Eq.(9). A derivation employs an

exact relation between a two-electron reduced density matrix  =
D
0 j̂j0

E
, a reduced

one-electron density matrix  = h0 j̂j0 i and transition one-electron density matrices

;0 = h0 j̂j i for transitions between a ground state and excited states ís, reading

???maclachlan-ball

pqrs = 

pr


qs +

X

 6=0

;0pr ;0qs  qrps : (19)

The Önal adiabatic connection expression for the correlation energy reads (details of the

derivation can be found in Suppl. Mat.)

EACcorr =

Z 1

0

W  d ; (20)
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transition one-electron RDM
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  and employ the assumption 

W =
1

2

X

pqrs

(1 IpIqIqIrIrIs)

 
X

 6=0

;0pr ;0qs + (np  1)nqrqps

!
hrsjpqi ; (21)

where the indices p; q; r; s pertain to the natural spinorbitals corresponding to the group

product wavefunction . A symbol Ip denotes a group which a spinorbital p is assigned to.

The expression for the adiabatic connection integrand given in Eq.(21) has been obtained

by assuming that for each  one-electron reduced density matrices are equal to , i.e.

82[0;1] pq = pqnp : (22)

Notice that a similar assumption is exploited in the standard random phase approximation

(RPA) for the correlation energy ??maclachlan, furche_review. In fact, it can be checked by

inspection that in a special case of one-electron group function (a group function (1) taking

form of a Slater determinant) the adiabatic connection expression (21) becomes equivalent to

the one used in the RPAX correlation energy formula ???furche?. In RPAmethods (proposed

for a single reference wavefunction) transition density matrices ;0 (or transition densities)

follow from TD-HF or TD-DFT approaches (in the latter, the exchange-correlation kernel

is typically set to zero). The recently proposed extended random phase approximation

(ERPA) based on the Roweís equation of motion ???rowe, allows one to Önd approximate

transition density matrix elements for the adiabatic connection Hamiltonian Ĥ given in

Eq.(15). By following derivation of the ERPA equations shown in Ref.??? with the fully

interacting Hamiltonian Ĥ replaced by its adiabatic connection counterpart Ĥ one is led

to the following set of -ERPA equations
0

@ A B

B A

1

A

0

@ X


Y


1

A = !

0

@ N 0

0 N

1

A

0

@ X


Y


1

A : (23)

The matrices A, B, N are given by one- and two-electron elements of the adiabatic

connection Hamiltonian

hpq = hpq + IpIq(1 )h
eff
pq ;

grspq =

 + IpIqIqIrIrIs(1 )


hrsjpqi

and one- and group-two-electron reduced density matrices,  and

I

, respectively namely

A = A[h;g; ;

I

] ;

B = B[h;g; ;

I

] ;

(N )pq;rs = (np  nq)prqs
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hrsjpqi ; (21)

where the indices p; q; r; s pertain to the natural spinorbitals corresponding to the group

product wavefunction . A symbol Ip denotes a group which a spinorbital p is assigned to.

The expression for the adiabatic connection integrand given in Eq.(21) has been obtained

by assuming that for each  one-electron reduced density matrices are equal to , i.e.

82[0;1] pq = pqnp : (22)

Notice that a similar assumption is exploited in the standard random phase approximation

(RPA) for the correlation energy ??maclachlan, furche_review. In fact, it can be checked by

inspection that in a special case of one-electron group function (a group function (1) taking

form of a Slater determinant) the adiabatic connection expression (21) becomes equivalent to

the one used in the RPAX correlation energy formula ???furche?. In RPAmethods (proposed

for a single reference wavefunction) transition density matrices ;0 (or transition densities)

follow from TD-HF or TD-DFT approaches (in the latter, the exchange-correlation kernel

is typically set to zero). The recently proposed extended random phase approximation

(ERPA) based on the Roweís equation of motion ???rowe, allows one to Önd approximate

transition density matrix elements for the adiabatic connection Hamiltonian Ĥ given in

Eq.(15). By following derivation of the ERPA equations shown in Ref.??? with the fully

interacting Hamiltonian Ĥ replaced by its adiabatic connection counterpart Ĥ one is led

to the following set of -ERPA equations
0

@ A B

B A

1

A

0

@ X


Y


1

A = !

0

@ N 0

0 N

1

A

0

@ X


Y


1

A : (23)

The matrices A, B, N are given by one- and two-electron elements of the adiabatic

connection Hamiltonian

hpq = hpq + IpIq(1 )h
eff
pq ;

grspq =

 + IpIqIqIrIrIs(1 )


hrsjpqi

and one- and group-two-electron reduced density matrices,  and

I

, respectively namely

A = A[h;g; ;

I

] ;

B = B[h;g; ;

I

] ;

(N )pq;rs = (np  nq)prqs
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As it has been already noted in Ref.???surjan_rosta an optimal group function (1) is an

eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI : (14)

To Önd expression for the correlation energy in the adiabatic connection framework deÖne

an adiabatic-connection Hamiltonian in the usual way as

Ĥ = Ĥ(0) + Ĥ 0 ; (15)

Ĥ 0 = Ĥ  Ĥ(0) ; (16)

By varying a parameter  from 0 to 1 one smoothly switches between a group-noninteracting

system ( = 0) and a fully interacting case ( = 1). Let fg be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian

Ĥ = E




 : (17)

For  = 0 inter-group correlation e§ects are absent and the ground state eigenfunction 0

turns into a group-function given in Eq.(1), whereas the energy is given by a sum of the

group-energies:

Ĥ=0 = Ĥ(0); =00 = ; E=00 =
X

I

EI : (18)

Ĥ=1 = Ĥ; =10 = 0; E=10 = E0 :

Having deÖned the adiabatic connection Hamiltonian, Eq.(15), with the known ground

state of the "noninteracting" Hamiltonian Ĥ(0) it is straightforward to derive an adiabatic-

connection formula for the correlation energy given in Eq.(9). A derivation employs an

exact relation between a two-electron reduced density matrix  =
D
0 j̂j0

E
, a reduced

one-electron density matrix  = h0 j̂j0 i and transition one-electron density matrices

;0 = h0 j̂j i for transitions between a ground state and excited states ís, reading

???maclachlan-ball

pqrs = 

pr


qs +

X

 6=0

;0pr ;0qs  qrps : (19)

The Önal adiabatic connection expression for the correlation energy reads (details of the

derivation can be found in Suppl. Mat.)

EACcorr =

Z 1

0

W  d ; (20)

5

2

defined as

Ĥ =
X

pq

â†pâqhpq +
1

2

X

pqrs

â†pâ
†
qâsâr hpq|rsi . (3)

The one-electron integrals hpq =R
'p(x)⇤

⇥
t̂+ �̂ext

⇤
'q(x)dx involve a kinetic energy

operator, t̂, and �̂ext - an external potential operator.
Two-electron integrals are defined in a usual way as
hpq|rsi =

R R
'p(x1)⇤'q(x2)⇤r

�1
12 'r(x1)'s(x2)dx1dx2.

The expectation value of the Hamiltonian for the
assumed wavefunction given in Eq.(1) can be written as

E =
X

I

h I | [
NIX

i=1

ĥ(xi)+
NIX

i<j

r�1
ij ] | Ii+

X

I>J

EIJ
HX . (4)

The second term in Eq.(4) collects group-pairwise
Coulomb (H) and exchange (X) electron interactions be-
tween di↵erent groups of electrons. The interaction of
electrons belonging to di↵erent groups is described only
in an averaged (SCF) way and correlation among groups
is missing. Introduce a correlation energy as a di↵erence
between an exact ground state energy, E0, of a given
system and E given in Eq.(4), i.e.

Ecorr ⌘ E0 � E . (5)

The optimal wavefunction (1), minimizing the en-
ergy expression given in Eq.(4), is composed of
group-wavefunctions  I satisfying group-eigenequations,
namely

ĤI I = EI I . (6)

A group Hamiltonian ĤI is given as

ĤI =
X

pq2I

heff
pq â†pâq +

1

2

X

pqrs2I

â†râ
†
sâqâp hrs|pqi , (7)

where an e↵ective one-electron Hamiltonian element,
heff
pq , for a group I includes a contribution from

the Coulomb and exchange interaction with all other
groups, namely 8pq2I heff

pq = hpq +
⌦
p|�̂IHX |q

↵
where⌦

p|�̂IHX |q
↵

=
P

J 6=I

P
r2J nr [hpr|qri � hpr|rqi]. As it

has been already noted in Ref.[7] an optimal group func-
tion (1) is an eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI . (8)

To find expression for the correlation energy in the
adiabatic connection framework define an adiabatic-
connection (AC) Hamiltonian in the usual way as

Ĥ↵ = Ĥ(0) + ↵Ĥ 0 , (9)

where Ĥ 0 = Ĥ � Ĥ(0). By varying the coupling strength
parameter ↵ between 0 and 1 one smoothly switches be-
tween a group-noninteracting system (↵ = 0) and a fully

interacting case (↵ = 1). Let { ↵
⌫ } be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian

Ĥ↵ ↵
⌫ = E↵

⌫ 
↵
⌫ . (10)

For ↵ = 0 inter-group correlation e↵ects are absent and
a ground state eigenfunction  ↵

0 turns into a group-
function  given in Eq.(1), whereas the energy is given
by a sum of the group-energies, i.e. E↵=0

0 =
P

I EI . A
derivation of the adiabatic-connection formula for the
correlation energy employs an exact relation between a

two-electron reduced density matrix �↵ =
D
 ↵

0 |�̂| ↵
0

E
,

a one-electron reduced density matrix �↵ = h ↵
0 |�̂| ↵

0 i
and transition one-electron density matrices �↵,0⌫ =
h ↵

0 |�̂| ↵
⌫ i reading [8]

�↵pqrs = �↵pr�
↵
qs +

X

⌫ 6=0

�↵,0⌫pr �↵,⌫0qs � �↵qr�ps . (11)

The final adiabatic connection expression for the correla-
tion energy reads (details of the derivation can be found
in Supp. Mat.)

EAC
corr =

Z 1

0
W↵ d↵ , (12)

W↵ =
1

2

X0

pqrs

0

@
X

⌫ 6=0

�↵,0⌫pr �↵,⌫0qs + (np � 1)nq�rq�ps

1

A hrs|pqi ,

(13)
where the prime indicates that terms corresponding to
spinorbitals p, q, r, s belonging to the same group are ex-
cluded from the summation.
The expression for the adiabatic connection integrand

given in Eq.(13) has been obtained by assuming that for
each value of ↵ a one-electron reduced density matrix �↵

is equal to �, i.e. 8↵2[0,1] �↵pq = �pqnp. Notice that a
similar assumption is exploited in the standard random
phase approximation (RPA) for the correlation energy
[5, 8]. The recently proposed extended random phase
approximation (ERPA) [9] based on the Rowe’s equation
of motion [10], allows one to find approximate transi-
tion density matrix elements for the adiabatic connection
Hamiltonian Ĥ↵ given in Eq.(9). By following derivation
of the ERPA equations shown in Ref.[9] with the fully
interacting Hamiltonian Ĥ replaced by its adiabatic con-
nection counterpart Ĥ↵ one is led to the following set of
↵-ERPA equations

✓
A↵ B↵

B↵ A↵

◆✓
X

↵
⌫

Y

↵
⌫

◆
= !⌫

✓
�N 0

0 N

◆✓
X

↵
⌫

Y

↵
⌫

◆
.

(14)
The matrices A↵, B↵, N are given solely by ↵-dependent
elements of the adiabatic connection Hamiltonian and
one and two-electron reduced density matrices (cf. Supp.
Mat. for the explicit forms of the matrices A↵ and B↵).
Solutions of ↵-ERPA equations come in pairs of positive
and negative eigenvalues, !+

⌫ and !�
⌫ , which are equal

to obtain

prime indicates that terms corresponding to spinorbitals p, q, r, s belonging to 
the same group are excluded.



α-Extended Random Phase Approximation (α-ERPA)

W =
1

2

X

pqrs

(1 IpIqIqIrIrIs)

 
X

 6=0

;0pr ;0qs + (np  1)nqrqps

!
hrsjpqi ; (21)

where the indices p; q; r; s pertain to the natural spinorbitals corresponding to the group

product wavefunction . A symbol Ip denotes a group which a spinorbital p is assigned to.

The expression for the adiabatic connection integrand given in Eq.(21) has been obtained

by assuming that for each  one-electron reduced density matrices are equal to , i.e.

82[0;1] pq = pqnp : (22)

Notice that a similar assumption is exploited in the standard random phase approximation

(RPA) for the correlation energy ??maclachlan, furche_review. In fact, it can be checked by

inspection that in a special case of one-electron group function (a group function (1) taking

form of a Slater determinant) the adiabatic connection expression (21) becomes equivalent to

the one used in the RPAX correlation energy formula ???furche?. In RPAmethods (proposed

for a single reference wavefunction) transition density matrices ;0 (or transition densities)

follow from TD-HF or TD-DFT approaches (in the latter, the exchange-correlation kernel

is typically set to zero). The recently proposed extended random phase approximation

(ERPA) based on the Roweís equation of motion ???rowe, allows one to Önd approximate

transition density matrix elements for the adiabatic connection Hamiltonian Ĥ given in

Eq.(15). By following derivation of the ERPA equations shown in Ref.??? with the fully

interacting Hamiltonian Ĥ replaced by its adiabatic connection counterpart Ĥ one is led

to the following set of -ERPA equations
0

@ A B

B A

1

A

0

@ X


Y


1

A = !

0

@ N 0

0 N

1

A

0

@ X


Y


1

A : (23)

The matrices A, B, N are given by one- and two-electron elements of the adiabatic

connection Hamiltonian

hpq = hpq + IpIq(1 )h
eff
pq ;

grspq =

 + IpIqIqIrIrIs(1 )


hrsjpqi

and one- and group-two-electron reduced density matrices,  and

I

, respectively namely

A = A[h;g; ;

I

] ;

B = B[h;g; ;

I

] ;

(N )pq;rs = (np  nq)prqs
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W =
1

2

X

pqrs

(1 IpIqIqIrIrIs)

 
X

 6=0

;0pr ;0qs + (np  1)nqrqps

!
hrsjpqi ; (21)

where the indices p; q; r; s pertain to the natural spinorbitals corresponding to the group

product wavefunction . A symbol Ip denotes a group which a spinorbital p is assigned to.

The expression for the adiabatic connection integrand given in Eq.(21) has been obtained

by assuming that for each  one-electron reduced density matrices are equal to , i.e.

82[0;1] pq = pqnp : (22)

Notice that a similar assumption is exploited in the standard random phase approximation

(RPA) for the correlation energy ??maclachlan, furche_review. In fact, it can be checked by

inspection that in a special case of one-electron group function (a group function (1) taking

form of a Slater determinant) the adiabatic connection expression (21) becomes equivalent to

the one used in the RPAX correlation energy formula ???furche?. In RPAmethods (proposed

for a single reference wavefunction) transition density matrices ;0 (or transition densities)

follow from TD-HF or TD-DFT approaches (in the latter, the exchange-correlation kernel

is typically set to zero). The recently proposed extended random phase approximation

(ERPA) based on the Roweís equation of motion ???rowe, allows one to Önd approximate

transition density matrix elements for the adiabatic connection Hamiltonian Ĥ given in

Eq.(15). By following derivation of the ERPA equations shown in Ref.??? with the fully

interacting Hamiltonian Ĥ replaced by its adiabatic connection counterpart Ĥ one is led

to the following set of -ERPA equations
0

@ A B

B A

1

A

0

@ X


Y


1

A = !

0

@ N 0

0 N

1

A

0

@ X


Y


1

A : (23)

The matrices A, B, N are given by one- and two-electron elements of the adiabatic

connection Hamiltonian

hpq = hpq + IpIq(1 )h
eff
pq ;

grspq =

 + IpIqIqIrIrIs(1 )


hrsjpqi

and one- and group-two-electron reduced density matrices,  and

I

, respectively namely

A = A[h;g; ;

I

] ;

B = B[h;g; ;

I

] ;

(N )pq;rs = (np  nq)prqs
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directly related to transition density matrix elements in ERPA approximation, namely [8]

8p>q

⇥
�↵,0⌫

⇤
qp

= (nq � np) [Y
↵
⌫ ]pq , (17)

8q>p

⇥
�↵,0⌫

⇤
qp

= (np � nq) [X
↵
⌫ ]qp (18)

The final form of the spin-summed AC integrand reads (13)

W↵ = 2
X0

p>q,r>s

{(np � nq)(nr � ns) (19)

⇥
X

⌫

([Y↵
⌫ ]pq � [X↵

⌫ ]pq)([Y
↵
⌫ ]rs � [X↵

⌫ ]rs)

� 1

2
[np(1� nq) + nq(1� np)]�pr�qs} hpr|qsi . (20)

Notice than only eigenvectors corresponding to positive eigenvalues (excitation energies),

enter the summation with respect to ⌫.

Eq.(20) together with (12) constitute a central achievement of the paper and they provide

a way of obtaining electron correlation for a broad class of multireference wavefunctions. One

expects that if the orbitals are localized in space and group functions describes electrons

localized on distinct fragments of a molecule then the integrand W↵ could be approximated

with the two lowest-order terms in the ↵-expansion, i.e.

W↵ = W (0) + ↵W (1) , (21)

(where W (0) = W↵=0) which, upon performing ↵-integration, would result in the following

expression for the correlation energy

EAC0
corr = W (0) +

1

2
W (1) . (22)

Notice that in a special case of a single reference (HF) wavefunction (all groups are just single-

electron ones) the ERPA equations become equivalent to those of the TD-HF approach,

the 0th-order term W (0) vanishes, and the correlation expression (22) reduces to the well

known MP2 correlation energy expression. For a general multiconfiguration wavefunction

of the form (1) 0th- and 1st-order terms W (0), W (1) can be found by applying a standard

second-order perturbation theory to the ERPA eigenproblem treating blocks A(1),B(1) in

Eqs.(15),(16) as perturbation to the 0th-order matrix. Explicit, surprising simple, expression

for the correlation energy EAC0
corr in the interpolated formula (22) will be presented for a special

6
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3

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
strength parameter ↵, which can be written explicitly as

A↵ = A(0) + ↵A(1) , (15)

B↵ = B(0) + ↵B(1) , (16)

the A(0), B(0), A(1), and B(1) matrices being ↵-
independent. The eigenvectors (X↵

⌫ ,Y
↵
⌫ ) are directly re-

lated to transition density matrix elements in ERPA ap-
proximation, namely [11]

8p>q

⇥
�↵,0⌫

⇤
qp

= (nq � np) [Y
↵
⌫ ]pq , (17)

8q>p

⇥
�↵,0⌫

⇤
qp

= (np � nq) [X
↵
⌫ ]qp (18)

The final form of the spin-summed AC integrand reads
(13)

W↵ = 2
X0

p>q,r>s

{(np � nq)(nr � ns)

⇥
X

⌫

([Y↵
⌫ ]pq � [X↵

⌫ ]pq)([Y
↵
⌫ ]rs � [X↵

⌫ ]rs)

� 1

2
[np(1� nq) + nq(1� np)]�pr�qs} hpr|qsi .

(19)

Notice that only eigenvectors corresponding to positive
eigenvalues (excitation energies), enter the summation
with respect to ⌫.

Eqs.(19) and (12) constitute the central achievement
of the paper. They provide a way of obtaining electron
correlation for a broad class of multireference wavefunc-
tions. Since static correlation is taken into account by the
multireference character of the wavefunction one expects
the near-linear behavior of the integrand. Consequently,
the integrand W↵ could be approximated with the two
lowest-order terms in the ↵-expansion, i.e.

W↵ = W (0) + ↵W (1) , (20)

(where W (0) = W↵=0) which would result in the follow-
ing expression for the correlation energy

EAC0
corr = W (0) +

1

2
W (1) . (21)

Notice that in a special case of a single reference (HF)
wavefunction (all groups are just single-electron ones)
the ERPA equations become equivalent to those of the
TD-HF approach, the 0th-order term W (0) vanishes, and
the correlation expression (21) reduces to the well known
MP2 correlation energy expression. For a general mul-
ticonfiguration wavefunction of the form (1) 0th- and
1st-order terms W (0), W (1) can be found by applying
perturbation theory to the ERPA eigenproblem treat-
ing blocks A(1),B(1) in Eqs.(15),(16) as a perturbation.
Explicit, surprisingly simple, expression for the correla-
tion energy EAC0

corr in the interpolated formula (21) will

be presented for a special case when each group function
describes two electrons, 8I NI = 2. In addition, spins
are singlet-coupled in each group, and each orbital sub-
set I is only two-dimensional (unoccupied spinorbitals
will form a separate group of virtual orbitals). The con-
sidered case of two-electron strongly orthogonal group
functions has been known in the literature as generalized
valence bond perfect-pairing (GVB-PP) or simply GVB
method [12–14]. Due to a block-diagonal structure of the
ERPA matrices for ↵ = 0 the 0th-order solutions of the
ERPA equations for the GVB reference state take a sim-
ple form for both the inter-group excitations, involving
excitations from an orbital belonging to one group to an
orbital assigned to another group

8 ⌫=(pq)
p>q

p2I q2J I 6=J

!+
⌫ = � "⌫

np � nq
, (22)

as well as for the intra-group excitations for which

8 ⌫=(pq)
p>q

p2I q2I

!+
⌫ =

"⌫
(cp + cq)2

. (23)

⌫ is a superindex combining two orbital indices, and
8⌫=(pq)

p>q
"⌫ =

⇥
A(0) + B(0)

⇤
pq,pq

. The coe�cients {cp}

are expansion coe�cients of the two-electron group func-
tions { I} if the latter are given as linear combinations
of Slater determinants built of the natural spinorbitals
and, consequently, 8p c2p = np. In the equations above is
has been assumed that the orbitals are in a descending
order, i.e. np < nq if p > q. By employing in Eq.(19)
ERPA eigenvectors obtained for ↵ = 0 the expression for
the 0th-order integrand follows

W (0) = 2
X0

p>q

np (nq � 1) hpp|qqi , (24)

where, as before, a prime indicates that terms corre-
sponding to indices p, q belonging to the same group are
excluded. Perturbation theory applied to the ERPA
problem given by Eqs.(14)-(16) for the GVP reference
wavefunction leads to the following 1st-order term in the
expansion (20) (cf. the Supp. Mat.)

W (1) =
X0

p>q,r>s

hpr|qsi

⇥

⇣
A(1)+B(1)

⌘

pq,rs
� apq

�
A(1) � B(1)

�
pq,rs

ars

!+
pq + !+

rs
,

(25)

where the elements {apq} are defined as

apq =

⇢
�1 for p 2 I, q 2 J, I 6= J

(cp + cq)(cp � cq)�1 for p 2 I, q 2 J, I = J
,

(26)
and the denominator in each term includes excitation en-
ergies of a noninteracting-group limit (↵ = 0), defined in

A final spin-summed working form of the AC integrand
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defined as

Ĥ =
X

pq

â†pâqhpq +
1

2

X

pqrs

â†pâ
†
qâsâr hpq|rsi . (3)

The one-electron integrals hpq =R
'p(x)⇤

⇥
t̂+ �̂ext

⇤
'q(x)dx involve a kinetic energy

operator, t̂, and �̂ext - an external potential operator.
Two-electron integrals are defined in a usual way as
hpq|rsi =

R R
'p(x1)⇤'q(x2)⇤r

�1
12 'r(x1)'s(x2)dx1dx2.

The expectation value of the Hamiltonian for the
assumed wavefunction given in Eq.(1) can be written as

E =
X

I

h I | [
NIX

i=1

ĥ(xi)+
NIX

i<j

r�1
ij ] | Ii+

X

I>J

EIJ
HX . (4)

The second term in Eq.(4) collects group-pairwise
Coulomb (H) and exchange (X) electron interactions be-
tween di↵erent groups of electrons. The interaction of
electrons belonging to di↵erent groups is described only
in an averaged (SCF) way and correlation among groups
is missing. Introduce a correlation energy as a di↵erence
between an exact ground state energy, E0, of a given
system and E given in Eq.(4), i.e.

Ecorr ⌘ E0 � E . (5)

The optimal wavefunction (1), minimizing the en-
ergy expression given in Eq.(4), is composed of
group-wavefunctions  I satisfying group-eigenequations,
namely

ĤI I = EI I . (6)

A group Hamiltonian ĤI is given as

ĤI =
X

pq2I

heff
pq â†pâq +

1

2

X

pqrs2I

â†râ
†
sâqâp hrs|pqi , (7)

where an e↵ective one-electron Hamiltonian element,
heff
pq , for a group I includes a contribution from

the Coulomb and exchange interaction with all other
groups, namely 8pq2I heff

pq = hpq +
⌦
p|�̂IHX |q

↵
where⌦

p|�̂IHX |q
↵

=
P

J 6=I

P
r2J nr [hpr|qri � hpr|rqi]. As it

has been already noted in Ref.[7] an optimal group func-
tion (1) is an eigenfunction of the 0th-order Hamiltonian

Ĥ(0) =
X

I

ĤI . (8)

To find expression for the correlation energy in the
adiabatic connection framework define an adiabatic-
connection (AC) Hamiltonian in the usual way as

Ĥ↵ = Ĥ(0) + ↵Ĥ 0 , (9)

where Ĥ 0 = Ĥ � Ĥ(0). By varying the coupling strength
parameter ↵ between 0 and 1 one smoothly switches be-
tween a group-noninteracting system (↵ = 0) and a fully

interacting case (↵ = 1). Let { ↵
⌫ } be a complete set of

eigenfunctions of the adiabatic connection Hamiltonian

Ĥ↵ ↵
⌫ = E↵

⌫ 
↵
⌫ . (10)

For ↵ = 0 inter-group correlation e↵ects are absent and
a ground state eigenfunction  ↵

0 turns into a group-
function  given in Eq.(1), whereas the energy is given
by a sum of the group-energies, i.e. E↵=0

0 =
P

I EI . A
derivation of the adiabatic-connection formula for the
correlation energy employs an exact relation between a

two-electron reduced density matrix �↵ =
D
 ↵

0 |�̂| ↵
0

E
,

a one-electron reduced density matrix �↵ = h ↵
0 |�̂| ↵

0 i
and transition one-electron density matrices �↵,0⌫ =
h ↵

0 |�̂| ↵
⌫ i reading [8]

�↵pqrs = �↵pr�
↵
qs +

X

⌫ 6=0

�↵,0⌫pr �↵,⌫0qs � �↵qr�ps . (11)

The final adiabatic connection expression for the correla-
tion energy reads (details of the derivation can be found
in Supp. Mat.)

EAC
corr =

Z 1

0
W↵ d↵ , (12)

W↵ =
1

2

X0

pqrs

0

@
X

⌫ 6=0

�↵,0⌫pr �↵,⌫0qs + (np � 1)nq�rq�ps

1

A hrs|pqi ,

(13)
where the prime indicates that terms corresponding to
spinorbitals p, q, r, s belonging to the same group are ex-
cluded from the summation.
The expression for the adiabatic connection integrand

given in Eq.(13) has been obtained by assuming that for
each value of ↵ a one-electron reduced density matrix �↵

is equal to �, i.e. 8↵2[0,1] �↵pq = �pqnp. Notice that a
similar assumption is exploited in the standard random
phase approximation (RPA) for the correlation energy
[5, 8]. The recently proposed extended random phase
approximation (ERPA) [9] based on the Rowe’s equation
of motion [10], allows one to find approximate transi-
tion density matrix elements for the adiabatic connection
Hamiltonian Ĥ↵ given in Eq.(9). By following derivation
of the ERPA equations shown in Ref.[9] with the fully
interacting Hamiltonian Ĥ replaced by its adiabatic con-
nection counterpart Ĥ↵ one is led to the following set of
↵-ERPA equations

✓
A↵ B↵

B↵ A↵

◆✓
X

↵
⌫

Y

↵
⌫

◆
= !⌫

✓
�N 0

0 N

◆✓
X

↵
⌫

Y

↵
⌫

◆
.

(14)
The matrices A↵, B↵, N are given solely by ↵-dependent
elements of the adiabatic connection Hamiltonian and
one and two-electron reduced density matrices (cf. Supp.
Mat. for the explicit forms of the matrices A↵ and B↵).
Solutions of ↵-ERPA equations come in pairs of positive
and negative eigenvalues, !+

⌫ and !�
⌫ , which are equal
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Linear extrapolation from the α=1 limit

• Linear approximation for the AC integrand 

orbitals are present. Figs.1-3 show plots of AC integrands for three representative examples

when one, two, or more orbital pairs become degenerate and the corresponding system enters

a strong correlation regime. The chosen systems are: fluorine molecule (one electron pair

breaking), water molecule (two bonds breaking simultaneously), linear hydrogen chain H8

with equidistant hydrogen nuclei (seven electron pairs become degenerate). It is striking

that the dependence of the integrand W↵ on ↵ is close to linear and only slightly deviates

from linearity when ↵ approaches the value 1 for F2 and H2O molecules. As expected,

therefore, the second-order expansion of the AC integrand given by Eqs.(21), (26), and (27)

approximates well the integrand not only when systems are weakly correlated (occupation

numbers of orbitals are close to either 0 or 1) but also in the strong correlation range. Results

of the absolute and relative values of energies collected in Table I support this conclusion.

Good accuracy of the energy obtained by employing AC expression (12) is retained if the

second-order formula (22) is used. Linearity of the AC integrand gives ground for another

approximation consisting in linear interpolation from the full-interaction limit, W↵=1, to the

correct no-group-interaction limit, W (0) = 0, i.e.

W↵ = ↵W ↵=1 , (29)

Such interpolation of the integrand leads to the following expression for the correlation

energy

EAC1
corr =

1

2
W↵=1 . (30)

Interestingly, for the GVB wavefunction such obtained interpolated AC formula, EAC1
corr , is

identical to the recently developed ERPA-GVB correlation energy expression [8, 15–17]. The

latter has been proposed based on the reconstruction of the missing inter-geminal correlation

part of the GVB two-electron reduced density matrix. Here the ERPA-GVB approximation

has been rederived in the AC framework.

A comparison of the total energy values obtained by employing full AC formula (AC-

GVB), its second-order approximation (AC0-GVB), and the ↵ = 1 interpolating formula

(AC1-GVB) with the reference data leads to conclusion that all three approaches perform

equally well at equilibrium geometries and when bonds are breaking. Clearly, employing the

formulas EAC0
corr or EAC1

corr allows one to avoid performing numerical ↵-integration. Usage of

the second-order expression EAC0
corr provides further advantage in reducing the computation

cost, since there is no need to solve full ERPA problem and only solutions of the separate
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Linear extrapolation from the α=1 limit

• ERPA equations are solved only once (only 1-RDM and 2-RDM from the 
reference wavefunction are needed)

• Linear approximation for the AC integrand 
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Linear extrapolation from the α=1 limit

• ERPA equations are solved only once (only 1-RDM and 2-RDM from the 
reference wavefunction are needed)

• Linear approximation for the AC integrand 

orbitals are present. Figs.1-3 show plots of AC integrands for three representative examples

when one, two, or more orbital pairs become degenerate and the corresponding system enters

a strong correlation regime. The chosen systems are: fluorine molecule (one electron pair

breaking), water molecule (two bonds breaking simultaneously), linear hydrogen chain H8

with equidistant hydrogen nuclei (seven electron pairs become degenerate). It is striking

that the dependence of the integrand W↵ on ↵ is close to linear and only slightly deviates

from linearity when ↵ approaches the value 1 for F2 and H2O molecules. As expected,

therefore, the second-order expansion of the AC integrand given by Eqs.(21), (26), and (27)

approximates well the integrand not only when systems are weakly correlated (occupation

numbers of orbitals are close to either 0 or 1) but also in the strong correlation range. Results

of the absolute and relative values of energies collected in Table I support this conclusion.

Good accuracy of the energy obtained by employing AC expression (12) is retained if the

second-order formula (22) is used. Linearity of the AC integrand gives ground for another

approximation consisting in linear interpolation from the full-interaction limit, W↵=1, to the

correct no-group-interaction limit, W (0) = 0, i.e.

W↵ = ↵W ↵=1 , (29)

Such interpolation of the integrand leads to the following expression for the correlation

energy

EAC1
corr =

1

2
W↵=1 . (30)

Interestingly, for the GVB wavefunction such obtained interpolated AC formula, EAC1
corr , is

identical to the recently developed ERPA-GVB correlation energy expression [8, 15–17]. The

latter has been proposed based on the reconstruction of the missing inter-geminal correlation

part of the GVB two-electron reduced density matrix. Here the ERPA-GVB approximation

has been rederived in the AC framework.

A comparison of the total energy values obtained by employing full AC formula (AC-

GVB), its second-order approximation (AC0-GVB), and the ↵ = 1 interpolating formula

(AC1-GVB) with the reference data leads to conclusion that all three approaches perform

equally well at equilibrium geometries and when bonds are breaking. Clearly, employing the

formulas EAC0
corr or EAC1

corr allows one to avoid performing numerical ↵-integration. Usage of

the second-order expression EAC0
corr provides further advantage in reducing the computation

cost, since there is no need to solve full ERPA problem and only solutions of the separate

10

orbitals are present. Figs.1-3 show plots of AC integrands for three representative examples

when one, two, or more orbital pairs become degenerate and the corresponding system enters

a strong correlation regime. The chosen systems are: fluorine molecule (one electron pair

breaking), water molecule (two bonds breaking simultaneously), linear hydrogen chain H8

with equidistant hydrogen nuclei (seven electron pairs become degenerate). It is striking

that the dependence of the integrand W↵ on ↵ is close to linear and only slightly deviates

from linearity when ↵ approaches the value 1 for F2 and H2O molecules. As expected,

therefore, the second-order expansion of the AC integrand given by Eqs.(21), (26), and (27)

approximates well the integrand not only when systems are weakly correlated (occupation

numbers of orbitals are close to either 0 or 1) but also in the strong correlation range. Results

of the absolute and relative values of energies collected in Table I support this conclusion.

Good accuracy of the energy obtained by employing AC expression (12) is retained if the

second-order formula (22) is used. Linearity of the AC integrand gives ground for another

approximation consisting in linear interpolation from the full-interaction limit, W↵=1, to the

correct no-group-interaction limit, W (0) = 0, i.e.

W↵ = ↵W ↵=1 , (29)

Such interpolation of the integrand leads to the following expression for the correlation

energy

EAC1
corr =

1

2
W↵=1 . (30)

Interestingly, for the GVB wavefunction such obtained interpolated AC formula, EAC1
corr , is

identical to the recently developed ERPA-GVB correlation energy expression [8, 15–17]. The

latter has been proposed based on the reconstruction of the missing inter-geminal correlation

part of the GVB two-electron reduced density matrix. Here the ERPA-GVB approximation

has been rederived in the AC framework.

A comparison of the total energy values obtained by employing full AC formula (AC-

GVB), its second-order approximation (AC0-GVB), and the ↵ = 1 interpolating formula

(AC1-GVB) with the reference data leads to conclusion that all three approaches perform

equally well at equilibrium geometries and when bonds are breaking. Clearly, employing the

formulas EAC0
corr or EAC1

corr allows one to avoid performing numerical ↵-integration. Usage of

the second-order expression EAC0
corr provides further advantage in reducing the computation

cost, since there is no need to solve full ERPA problem and only solutions of the separate

10

K. Pernal, J. Chem. Theory Comput. 10, 4332 (2014).
E. Pastorczak and K. Pernal,  Phys. Chem. Chem. Phys. 17, 8622 (2015).
K. Chatterjee, E. Pastorczak, K. Jawulski, and K. Pernal, J. Chem. Phys. 145, 244111 (2016).

• For the GVB (or APSG) reference wavefunction AC1 is identical to the 
recently proposed ERPA-GVB (ERPA-APSG).



Linear extrapolation from the α=0 limit

• First-order expansion of the AC integrand 

3

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
strength parameter ↵, which can be written explicitly as

A↵ = A(0) + ↵A(1) , (15)

B↵ = B(0) + ↵B(1) , (16)

the A(0), B(0), A(1), and B(1) matrices being ↵-
independent. The eigenvectors (X↵

⌫ ,Y
↵
⌫ ) are directly re-

lated to transition density matrix elements in ERPA ap-
proximation, namely [11]

8p>q

⇥
�↵,0⌫

⇤
qp

= (nq � np) [Y
↵
⌫ ]pq , (17)

8q>p

⇥
�↵,0⌫

⇤
qp

= (np � nq) [X
↵
⌫ ]qp (18)

The final form of the spin-summed AC integrand reads
(13)

W↵ = 2
X0

p>q,r>s

{(np � nq)(nr � ns)

⇥
X

⌫

([Y↵
⌫ ]pq � [X↵

⌫ ]pq)([Y
↵
⌫ ]rs � [X↵

⌫ ]rs)

� 1

2
[np(1� nq) + nq(1� np)]�pr�qs} hpr|qsi .

(19)

Notice that only eigenvectors corresponding to positive
eigenvalues (excitation energies), enter the summation
with respect to ⌫.

Eqs.(19) and (12) constitute the central achievement
of the paper. They provide a way of obtaining electron
correlation for a broad class of multireference wavefunc-
tions. Since static correlation is taken into account by the
multireference character of the wavefunction one expects
the near-linear behavior of the integrand. Consequently,
the integrand W↵ could be approximated with the two
lowest-order terms in the ↵-expansion, i.e.

W↵ = W (0) + ↵W (1) , (20)

(where W (0) = W↵=0) which would result in the follow-
ing expression for the correlation energy

EAC0
corr = W (0) +

1

2
W (1) . (21)

Notice that in a special case of a single reference (HF)
wavefunction (all groups are just single-electron ones)
the ERPA equations become equivalent to those of the
TD-HF approach, the 0th-order term W (0) vanishes, and
the correlation expression (21) reduces to the well known
MP2 correlation energy expression. For a general mul-
ticonfiguration wavefunction of the form (1) 0th- and
1st-order terms W (0), W (1) can be found by applying
perturbation theory to the ERPA eigenproblem treat-
ing blocks A(1),B(1) in Eqs.(15),(16) as a perturbation.
Explicit, surprisingly simple, expression for the correla-
tion energy EAC0

corr in the interpolated formula (21) will

be presented for a special case when each group function
describes two electrons, 8I NI = 2. In addition, spins
are singlet-coupled in each group, and each orbital sub-
set I is only two-dimensional (unoccupied spinorbitals
will form a separate group of virtual orbitals). The con-
sidered case of two-electron strongly orthogonal group
functions has been known in the literature as generalized
valence bond perfect-pairing (GVB-PP) or simply GVB
method [12–14]. Due to a block-diagonal structure of the
ERPA matrices for ↵ = 0 the 0th-order solutions of the
ERPA equations for the GVB reference state take a sim-
ple form for both the inter-group excitations, involving
excitations from an orbital belonging to one group to an
orbital assigned to another group

8 ⌫=(pq)
p>q

p2I q2J I 6=J

!+
⌫ = � "⌫

np � nq
, (22)

as well as for the intra-group excitations for which

8 ⌫=(pq)
p>q

p2I q2I

!+
⌫ =

"⌫
(cp + cq)2

. (23)

⌫ is a superindex combining two orbital indices, and
8⌫=(pq)

p>q
"⌫ =

⇥
A(0) + B(0)

⇤
pq,pq

. The coe�cients {cp}

are expansion coe�cients of the two-electron group func-
tions { I} if the latter are given as linear combinations
of Slater determinants built of the natural spinorbitals
and, consequently, 8p c2p = np. In the equations above is
has been assumed that the orbitals are in a descending
order, i.e. np < nq if p > q. By employing in Eq.(19)
ERPA eigenvectors obtained for ↵ = 0 the expression for
the 0th-order integrand follows

W (0) = 2
X0

p>q

np (nq � 1) hpp|qqi , (24)

where, as before, a prime indicates that terms corre-
sponding to indices p, q belonging to the same group are
excluded. Perturbation theory applied to the ERPA
problem given by Eqs.(14)-(16) for the GVP reference
wavefunction leads to the following 1st-order term in the
expansion (20) (cf. the Supp. Mat.)

W (1) =
X0

p>q,r>s

hpr|qsi

⇥

⇣
A(1)+B(1)

⌘

pq,rs
� apq

�
A(1) � B(1)

�
pq,rs

ars

!+
pq + !+

rs
,

(25)

where the elements {apq} are defined as

apq =

⇢
�1 for p 2 I, q 2 J, I 6= J

(cp + cq)(cp � cq)�1 for p 2 I, q 2 J, I = J
,

(26)
and the denominator in each term includes excitation en-
ergies of a noninteracting-group limit (↵ = 0), defined in

localized on distinct fragments of a molecule (functional groups) then the integrand W

could be approximated with two lowest-order terms in the  expansion, i.e.

W = W=0 +
dW

d


=0

 = W (0) +W (1)  ; (30)

[where W (0) = W=0] which, upon performing -integration, would result in the following

expression for the correlation energy

EAC0corr = W
(0) +

1

2
W (1) : (31)

Linearization of the integrand allows not only for performing -integration analytically but

also for avoiding solving full ERPA problem, which leads to a substantion reduction of the

cost of calculation. Notice that in a special case of a single reference (HF) wavefunction

(all groups are just single-electron ones) the ERPA equations become equivalent to those of

the TD-HF approach, the 0th-order term W (0) vanishes, and the correlation expression (31)

reduces to the well known MP2 second-order perturbation correction. Remarkably, as we

show below,it is also possible to derive a simple, closed-form expression for the correlation

energy for a multiconÖguration wavefunction. First of all, inspection of the main matrices

of the -ERPA problem, Eq.(23), reveals that for  = 0 the main matrices assume a block-

diagonal structure 0

BBBBBBBBB@

A(0)I 0 0 0 0

0 A(0)J 0 0 0

0 0
. . . 0 0

0 0 0 A(0)IJ 0

0 0 0 0
. . .

1

CCCCCCCCCA

; (32)

(similarly for the the matrix B(0)) and, consequently, the 0th-order excitation energies ! fall

into two types: intra-group, involving orbitals from one group (diagonalization of the blocks

A(0)I ;A
(0)
J ; : : :) or inter-group one (resulting from diagonzalization of the blocksA

(0)
IJ , : : : etc.).

The Örst-order term W (1) can be found by applying a standard second-order perturbation

theory to the ERPA eigenproblem, where the blocks A(1);B(1) in Eqs.(25),(26) are treated

as a perturbation.

Explicit expressions W (0) and W (1) will be presented for another special case of the

ansatz (1) when each group contains only two electrons, 8I NI = 2 in Eqs.(1)-(3), and

each orbital subsets I is only two-dimensional. Such restriction leaves a subset of orbitals

8
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3

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
strength parameter ↵, which can be written explicitly as

A↵ = A(0) + ↵A(1) , (15)

B↵ = B(0) + ↵B(1) , (16)

the A(0), B(0), A(1), and B(1) matrices being ↵-
independent. The eigenvectors (X↵

⌫ ,Y
↵
⌫ ) are directly re-

lated to transition density matrix elements in ERPA ap-
proximation, namely [11]

8p>q

⇥
�↵,0⌫

⇤
qp

= (nq � np) [Y
↵
⌫ ]pq , (17)

8q>p

⇥
�↵,0⌫

⇤
qp

= (np � nq) [X
↵
⌫ ]qp (18)

The final form of the spin-summed AC integrand reads
(13)

W↵ = 2
X0

p>q,r>s

{(np � nq)(nr � ns)

⇥
X

⌫

([Y↵
⌫ ]pq � [X↵

⌫ ]pq)([Y
↵
⌫ ]rs � [X↵

⌫ ]rs)

� 1

2
[np(1� nq) + nq(1� np)]�pr�qs} hpr|qsi .

(19)

Notice that only eigenvectors corresponding to positive
eigenvalues (excitation energies), enter the summation
with respect to ⌫.

Eqs.(19) and (12) constitute the central achievement
of the paper. They provide a way of obtaining electron
correlation for a broad class of multireference wavefunc-
tions. Since static correlation is taken into account by the
multireference character of the wavefunction one expects
the near-linear behavior of the integrand. Consequently,
the integrand W↵ could be approximated with the two
lowest-order terms in the ↵-expansion, i.e.

W↵ = W (0) + ↵W (1) , (20)

(where W (0) = W↵=0) which would result in the follow-
ing expression for the correlation energy

EAC0
corr = W (0) +

1

2
W (1) . (21)

Notice that in a special case of a single reference (HF)
wavefunction (all groups are just single-electron ones)
the ERPA equations become equivalent to those of the
TD-HF approach, the 0th-order term W (0) vanishes, and
the correlation expression (21) reduces to the well known
MP2 correlation energy expression. For a general mul-
ticonfiguration wavefunction of the form (1) 0th- and
1st-order terms W (0), W (1) can be found by applying
perturbation theory to the ERPA eigenproblem treat-
ing blocks A(1),B(1) in Eqs.(15),(16) as a perturbation.
Explicit, surprisingly simple, expression for the correla-
tion energy EAC0

corr in the interpolated formula (21) will

be presented for a special case when each group function
describes two electrons, 8I NI = 2. In addition, spins
are singlet-coupled in each group, and each orbital sub-
set I is only two-dimensional (unoccupied spinorbitals
will form a separate group of virtual orbitals). The con-
sidered case of two-electron strongly orthogonal group
functions has been known in the literature as generalized
valence bond perfect-pairing (GVB-PP) or simply GVB
method [12–14]. Due to a block-diagonal structure of the
ERPA matrices for ↵ = 0 the 0th-order solutions of the
ERPA equations for the GVB reference state take a sim-
ple form for both the inter-group excitations, involving
excitations from an orbital belonging to one group to an
orbital assigned to another group

8 ⌫=(pq)
p>q

p2I q2J I 6=J

!+
⌫ = � "⌫

np � nq
, (22)

as well as for the intra-group excitations for which

8 ⌫=(pq)
p>q

p2I q2I

!+
⌫ =

"⌫
(cp + cq)2

. (23)

⌫ is a superindex combining two orbital indices, and
8⌫=(pq)

p>q
"⌫ =

⇥
A(0) + B(0)

⇤
pq,pq

. The coe�cients {cp}

are expansion coe�cients of the two-electron group func-
tions { I} if the latter are given as linear combinations
of Slater determinants built of the natural spinorbitals
and, consequently, 8p c2p = np. In the equations above is
has been assumed that the orbitals are in a descending
order, i.e. np < nq if p > q. By employing in Eq.(19)
ERPA eigenvectors obtained for ↵ = 0 the expression for
the 0th-order integrand follows

W (0) = 2
X0

p>q

np (nq � 1) hpp|qqi , (24)

where, as before, a prime indicates that terms corre-
sponding to indices p, q belonging to the same group are
excluded. Perturbation theory applied to the ERPA
problem given by Eqs.(14)-(16) for the GVP reference
wavefunction leads to the following 1st-order term in the
expansion (20) (cf. the Supp. Mat.)

W (1) =
X0

p>q,r>s

hpr|qsi

⇥

⇣
A(1)+B(1)

⌘

pq,rs
� apq

�
A(1) � B(1)

�
pq,rs

ars

!+
pq + !+

rs
,

(25)

where the elements {apq} are defined as

apq =

⇢
�1 for p 2 I, q 2 J, I 6= J

(cp + cq)(cp � cq)�1 for p 2 I, q 2 J, I = J
,

(26)
and the denominator in each term includes excitation en-
ergies of a noninteracting-group limit (↵ = 0), defined in

3

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
strength parameter ↵, which can be written explicitly as

A↵ = A(0) + ↵A(1) , (15)

B↵ = B(0) + ↵B(1) , (16)

the A(0), B(0), A(1), and B(1) matrices being ↵-
independent. The eigenvectors (X↵

⌫ ,Y
↵
⌫ ) are directly re-

lated to transition density matrix elements in ERPA ap-
proximation, namely [11]

8p>q

⇥
�↵,0⌫

⇤
qp

= (nq � np) [Y
↵
⌫ ]pq , (17)

8q>p

⇥
�↵,0⌫

⇤
qp

= (np � nq) [X
↵
⌫ ]qp (18)

The final form of the spin-summed AC integrand reads
(13)

W↵ = 2
X0

p>q,r>s

{(np � nq)(nr � ns)

⇥
X

⌫

([Y↵
⌫ ]pq � [X↵

⌫ ]pq)([Y
↵
⌫ ]rs � [X↵

⌫ ]rs)

� 1

2
[np(1� nq) + nq(1� np)]�pr�qs} hpr|qsi .

(19)

Notice that only eigenvectors corresponding to positive
eigenvalues (excitation energies), enter the summation
with respect to ⌫.

Eqs.(19) and (12) constitute the central achievement
of the paper. They provide a way of obtaining electron
correlation for a broad class of multireference wavefunc-
tions. Since static correlation is taken into account by the
multireference character of the wavefunction one expects
the near-linear behavior of the integrand. Consequently,
the integrand W↵ could be approximated with the two
lowest-order terms in the ↵-expansion, i.e.

W↵ = W (0) + ↵W (1) , (20)

(where W (0) = W↵=0) which would result in the follow-
ing expression for the correlation energy

EAC0
corr = W (0) +

1

2
W (1) . (21)

Notice that in a special case of a single reference (HF)
wavefunction (all groups are just single-electron ones)
the ERPA equations become equivalent to those of the
TD-HF approach, the 0th-order term W (0) vanishes, and
the correlation expression (21) reduces to the well known
MP2 correlation energy expression. For a general mul-
ticonfiguration wavefunction of the form (1) 0th- and
1st-order terms W (0), W (1) can be found by applying
perturbation theory to the ERPA eigenproblem treat-
ing blocks A(1),B(1) in Eqs.(15),(16) as a perturbation.
Explicit, surprisingly simple, expression for the correla-
tion energy EAC0

corr in the interpolated formula (21) will

be presented for a special case when each group function
describes two electrons, 8I NI = 2. In addition, spins
are singlet-coupled in each group, and each orbital sub-
set I is only two-dimensional (unoccupied spinorbitals
will form a separate group of virtual orbitals). The con-
sidered case of two-electron strongly orthogonal group
functions has been known in the literature as generalized
valence bond perfect-pairing (GVB-PP) or simply GVB
method [12–14]. Due to a block-diagonal structure of the
ERPA matrices for ↵ = 0 the 0th-order solutions of the
ERPA equations for the GVB reference state take a sim-
ple form for both the inter-group excitations, involving
excitations from an orbital belonging to one group to an
orbital assigned to another group

8 ⌫=(pq)
p>q

p2I q2J I 6=J

!+
⌫ = � "⌫

np � nq
, (22)

as well as for the intra-group excitations for which

8 ⌫=(pq)
p>q

p2I q2I

!+
⌫ =

"⌫
(cp + cq)2

. (23)

⌫ is a superindex combining two orbital indices, and
8⌫=(pq)

p>q
"⌫ =

⇥
A(0) + B(0)

⇤
pq,pq

. The coe�cients {cp}

are expansion coe�cients of the two-electron group func-
tions { I} if the latter are given as linear combinations
of Slater determinants built of the natural spinorbitals
and, consequently, 8p c2p = np. In the equations above is
has been assumed that the orbitals are in a descending
order, i.e. np < nq if p > q. By employing in Eq.(19)
ERPA eigenvectors obtained for ↵ = 0 the expression for
the 0th-order integrand follows

W (0) = 2
X0

p>q

np (nq � 1) hpp|qqi , (24)

where, as before, a prime indicates that terms corre-
sponding to indices p, q belonging to the same group are
excluded. Perturbation theory applied to the ERPA
problem given by Eqs.(14)-(16) for the GVP reference
wavefunction leads to the following 1st-order term in the
expansion (20) (cf. the Supp. Mat.)

W (1) =
X0

p>q,r>s

hpr|qsi

⇥

⇣
A(1)+B(1)

⌘

pq,rs
� apq

�
A(1) � B(1)

�
pq,rs

ars

!+
pq + !+

rs
,

(25)

where the elements {apq} are defined as

apq =

⇢
�1 for p 2 I, q 2 J, I 6= J

(cp + cq)(cp � cq)�1 for p 2 I, q 2 J, I = J
,

(26)
and the denominator in each term includes excitation en-
ergies of a noninteracting-group limit (↵ = 0), defined in

3

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
strength parameter ↵, which can be written explicitly as

A↵ = A(0) + ↵A(1) , (15)

B↵ = B(0) + ↵B(1) , (16)

the A(0), B(0), A(1), and B(1) matrices being ↵-
independent. The eigenvectors (X↵

⌫ ,Y
↵
⌫ ) are directly re-

lated to transition density matrix elements in ERPA ap-
proximation, namely [11]

8p>q

⇥
�↵,0⌫

⇤
qp

= (nq � np) [Y
↵
⌫ ]pq , (17)

8q>p

⇥
�↵,0⌫

⇤
qp

= (np � nq) [X
↵
⌫ ]qp (18)

The final form of the spin-summed AC integrand reads
(13)

W↵ = 2
X0

p>q,r>s

{(np � nq)(nr � ns)

⇥
X

⌫

([Y↵
⌫ ]pq � [X↵

⌫ ]pq)([Y
↵
⌫ ]rs � [X↵

⌫ ]rs)

� 1

2
[np(1� nq) + nq(1� np)]�pr�qs} hpr|qsi .

(19)

Notice that only eigenvectors corresponding to positive
eigenvalues (excitation energies), enter the summation
with respect to ⌫.

Eqs.(19) and (12) constitute the central achievement
of the paper. They provide a way of obtaining electron
correlation for a broad class of multireference wavefunc-
tions. Since static correlation is taken into account by the
multireference character of the wavefunction one expects
the near-linear behavior of the integrand. Consequently,
the integrand W↵ could be approximated with the two
lowest-order terms in the ↵-expansion, i.e.

W↵ = W (0) + ↵W (1) , (20)

(where W (0) = W↵=0) which would result in the follow-
ing expression for the correlation energy

EAC0
corr = W (0) +

1

2
W (1) . (21)

Notice that in a special case of a single reference (HF)
wavefunction (all groups are just single-electron ones)
the ERPA equations become equivalent to those of the
TD-HF approach, the 0th-order term W (0) vanishes, and
the correlation expression (21) reduces to the well known
MP2 correlation energy expression. For a general mul-
ticonfiguration wavefunction of the form (1) 0th- and
1st-order terms W (0), W (1) can be found by applying
perturbation theory to the ERPA eigenproblem treat-
ing blocks A(1),B(1) in Eqs.(15),(16) as a perturbation.
Explicit, surprisingly simple, expression for the correla-
tion energy EAC0

corr in the interpolated formula (21) will

be presented for a special case when each group function
describes two electrons, 8I NI = 2. In addition, spins
are singlet-coupled in each group, and each orbital sub-
set I is only two-dimensional (unoccupied spinorbitals
will form a separate group of virtual orbitals). The con-
sidered case of two-electron strongly orthogonal group
functions has been known in the literature as generalized
valence bond perfect-pairing (GVB-PP) or simply GVB
method [12–14]. Due to a block-diagonal structure of the
ERPA matrices for ↵ = 0 the 0th-order solutions of the
ERPA equations for the GVB reference state take a sim-
ple form for both the inter-group excitations, involving
excitations from an orbital belonging to one group to an
orbital assigned to another group

8 ⌫=(pq)
p>q

p2I q2J I 6=J

!+
⌫ = � "⌫

np � nq
, (22)

as well as for the intra-group excitations for which

8 ⌫=(pq)
p>q

p2I q2I

!+
⌫ =

"⌫
(cp + cq)2

. (23)

⌫ is a superindex combining two orbital indices, and
8⌫=(pq)

p>q
"⌫ =

⇥
A(0) + B(0)

⇤
pq,pq

. The coe�cients {cp}

are expansion coe�cients of the two-electron group func-
tions { I} if the latter are given as linear combinations
of Slater determinants built of the natural spinorbitals
and, consequently, 8p c2p = np. In the equations above is
has been assumed that the orbitals are in a descending
order, i.e. np < nq if p > q. By employing in Eq.(19)
ERPA eigenvectors obtained for ↵ = 0 the expression for
the 0th-order integrand follows

W (0) = 2
X0

p>q

np (nq � 1) hpp|qqi , (24)

where, as before, a prime indicates that terms corre-
sponding to indices p, q belonging to the same group are
excluded. Perturbation theory applied to the ERPA
problem given by Eqs.(14)-(16) for the GVP reference
wavefunction leads to the following 1st-order term in the
expansion (20) (cf. the Supp. Mat.)

W (1) =
X0

p>q,r>s

hpr|qsi

⇥

⇣
A(1)+B(1)

⌘

pq,rs
� apq

�
A(1) � B(1)

�
pq,rs

ars

!+
pq + !+

rs
,

(25)

where the elements {apq} are defined as

apq =

⇢
�1 for p 2 I, q 2 J, I 6= J

(cp + cq)(cp � cq)�1 for p 2 I, q 2 J, I = J
,

(26)
and the denominator in each term includes excitation en-
ergies of a noninteracting-group limit (↵ = 0), defined in
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3

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
strength parameter ↵, which can be written explicitly as

A↵ = A(0) + ↵A(1) , (15)

B↵ = B(0) + ↵B(1) , (16)

the A(0), B(0), A(1), and B(1) matrices being ↵-
independent. The eigenvectors (X↵

⌫ ,Y
↵
⌫ ) are directly re-

lated to transition density matrix elements in ERPA ap-
proximation, namely [11]

8p>q

⇥
�↵,0⌫

⇤
qp

= (nq � np) [Y
↵
⌫ ]pq , (17)

8q>p

⇥
�↵,0⌫

⇤
qp

= (np � nq) [X
↵
⌫ ]qp (18)

The final form of the spin-summed AC integrand reads
(13)

W↵ = 2
X0

p>q,r>s

{(np � nq)(nr � ns)

⇥
X

⌫

([Y↵
⌫ ]pq � [X↵

⌫ ]pq)([Y
↵
⌫ ]rs � [X↵

⌫ ]rs)

� 1

2
[np(1� nq) + nq(1� np)]�pr�qs} hpr|qsi .

(19)

Notice that only eigenvectors corresponding to positive
eigenvalues (excitation energies), enter the summation
with respect to ⌫.

Eqs.(19) and (12) constitute the central achievement
of the paper. They provide a way of obtaining electron
correlation for a broad class of multireference wavefunc-
tions. Since static correlation is taken into account by the
multireference character of the wavefunction one expects
the near-linear behavior of the integrand. Consequently,
the integrand W↵ could be approximated with the two
lowest-order terms in the ↵-expansion, i.e.

W↵ = W (0) + ↵W (1) , (20)

(where W (0) = W↵=0) which would result in the follow-
ing expression for the correlation energy

EAC0
corr = W (0) +

1

2
W (1) . (21)

Notice that in a special case of a single reference (HF)
wavefunction (all groups are just single-electron ones)
the ERPA equations become equivalent to those of the
TD-HF approach, the 0th-order term W (0) vanishes, and
the correlation expression (21) reduces to the well known
MP2 correlation energy expression. For a general mul-
ticonfiguration wavefunction of the form (1) 0th- and
1st-order terms W (0), W (1) can be found by applying
perturbation theory to the ERPA eigenproblem treat-
ing blocks A(1),B(1) in Eqs.(15),(16) as a perturbation.
Explicit, surprisingly simple, expression for the correla-
tion energy EAC0

corr in the interpolated formula (21) will

be presented for a special case when each group function
describes two electrons, 8I NI = 2. In addition, spins
are singlet-coupled in each group, and each orbital sub-
set I is only two-dimensional (unoccupied spinorbitals
will form a separate group of virtual orbitals). The con-
sidered case of two-electron strongly orthogonal group
functions has been known in the literature as generalized
valence bond perfect-pairing (GVB-PP) or simply GVB
method [12–14]. Due to a block-diagonal structure of the
ERPA matrices for ↵ = 0 the 0th-order solutions of the
ERPA equations for the GVB reference state take a sim-
ple form for both the inter-group excitations, involving
excitations from an orbital belonging to one group to an
orbital assigned to another group

8 ⌫=(pq)
p>q

p2I q2J I 6=J

!+
⌫ = � "⌫

np � nq
, (22)

as well as for the intra-group excitations for which

8 ⌫=(pq)
p>q

p2I q2I

!+
⌫ =

"⌫
(cp + cq)2

. (23)

⌫ is a superindex combining two orbital indices, and
8⌫=(pq)

p>q
"⌫ =

⇥
A(0) + B(0)

⇤
pq,pq

. The coe�cients {cp}

are expansion coe�cients of the two-electron group func-
tions { I} if the latter are given as linear combinations
of Slater determinants built of the natural spinorbitals
and, consequently, 8p c2p = np. In the equations above is
has been assumed that the orbitals are in a descending
order, i.e. np < nq if p > q. By employing in Eq.(19)
ERPA eigenvectors obtained for ↵ = 0 the expression for
the 0th-order integrand follows

W (0) = 2
X0

p>q

np (nq � 1) hpp|qqi , (24)

where, as before, a prime indicates that terms corre-
sponding to indices p, q belonging to the same group are
excluded. Perturbation theory applied to the ERPA
problem given by Eqs.(14)-(16) for the GVP reference
wavefunction leads to the following 1st-order term in the
expansion (20) (cf. the Supp. Mat.)

W (1) =
X0

p>q,r>s

hpr|qsi

⇥

⇣
A(1)+B(1)

⌘

pq,rs
� apq

�
A(1) � B(1)

�
pq,rs

ars

!+
pq + !+

rs
,

(25)

where the elements {apq} are defined as

apq =

⇢
�1 for p 2 I, q 2 J, I 6= J

(cp + cq)(cp � cq)�1 for p 2 I, q 2 J, I = J
,

(26)
and the denominator in each term includes excitation en-
ergies of a noninteracting-group limit (↵ = 0), defined in

3

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
strength parameter ↵, which can be written explicitly as

A↵ = A(0) + ↵A(1) , (15)

B↵ = B(0) + ↵B(1) , (16)

the A(0), B(0), A(1), and B(1) matrices being ↵-
independent. The eigenvectors (X↵

⌫ ,Y
↵
⌫ ) are directly re-

lated to transition density matrix elements in ERPA ap-
proximation, namely [11]

8p>q

⇥
�↵,0⌫

⇤
qp

= (nq � np) [Y
↵
⌫ ]pq , (17)

8q>p

⇥
�↵,0⌫

⇤
qp

= (np � nq) [X
↵
⌫ ]qp (18)

The final form of the spin-summed AC integrand reads
(13)

W↵ = 2
X0

p>q,r>s

{(np � nq)(nr � ns)

⇥
X

⌫

([Y↵
⌫ ]pq � [X↵

⌫ ]pq)([Y
↵
⌫ ]rs � [X↵

⌫ ]rs)

� 1

2
[np(1� nq) + nq(1� np)]�pr�qs} hpr|qsi .

(19)

Notice that only eigenvectors corresponding to positive
eigenvalues (excitation energies), enter the summation
with respect to ⌫.

Eqs.(19) and (12) constitute the central achievement
of the paper. They provide a way of obtaining electron
correlation for a broad class of multireference wavefunc-
tions. Since static correlation is taken into account by the
multireference character of the wavefunction one expects
the near-linear behavior of the integrand. Consequently,
the integrand W↵ could be approximated with the two
lowest-order terms in the ↵-expansion, i.e.

W↵ = W (0) + ↵W (1) , (20)

(where W (0) = W↵=0) which would result in the follow-
ing expression for the correlation energy

EAC0
corr = W (0) +

1

2
W (1) . (21)

Notice that in a special case of a single reference (HF)
wavefunction (all groups are just single-electron ones)
the ERPA equations become equivalent to those of the
TD-HF approach, the 0th-order term W (0) vanishes, and
the correlation expression (21) reduces to the well known
MP2 correlation energy expression. For a general mul-
ticonfiguration wavefunction of the form (1) 0th- and
1st-order terms W (0), W (1) can be found by applying
perturbation theory to the ERPA eigenproblem treat-
ing blocks A(1),B(1) in Eqs.(15),(16) as a perturbation.
Explicit, surprisingly simple, expression for the correla-
tion energy EAC0

corr in the interpolated formula (21) will

be presented for a special case when each group function
describes two electrons, 8I NI = 2. In addition, spins
are singlet-coupled in each group, and each orbital sub-
set I is only two-dimensional (unoccupied spinorbitals
will form a separate group of virtual orbitals). The con-
sidered case of two-electron strongly orthogonal group
functions has been known in the literature as generalized
valence bond perfect-pairing (GVB-PP) or simply GVB
method [12–14]. Due to a block-diagonal structure of the
ERPA matrices for ↵ = 0 the 0th-order solutions of the
ERPA equations for the GVB reference state take a sim-
ple form for both the inter-group excitations, involving
excitations from an orbital belonging to one group to an
orbital assigned to another group

8 ⌫=(pq)
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p2I q2J I 6=J

!+
⌫ = � "⌫

np � nq
, (22)

as well as for the intra-group excitations for which
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(cp + cq)2

. (23)

⌫ is a superindex combining two orbital indices, and
8⌫=(pq)

p>q
"⌫ =

⇥
A(0) + B(0)

⇤
pq,pq

. The coe�cients {cp}

are expansion coe�cients of the two-electron group func-
tions { I} if the latter are given as linear combinations
of Slater determinants built of the natural spinorbitals
and, consequently, 8p c2p = np. In the equations above is
has been assumed that the orbitals are in a descending
order, i.e. np < nq if p > q. By employing in Eq.(19)
ERPA eigenvectors obtained for ↵ = 0 the expression for
the 0th-order integrand follows

W (0) = 2
X0
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np (nq � 1) hpp|qqi , (24)

where, as before, a prime indicates that terms corre-
sponding to indices p, q belonging to the same group are
excluded. Perturbation theory applied to the ERPA
problem given by Eqs.(14)-(16) for the GVP reference
wavefunction leads to the following 1st-order term in the
expansion (20) (cf. the Supp. Mat.)
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where the elements {apq} are defined as

apq =

⇢
�1 for p 2 I, q 2 J, I 6= J

(cp + cq)(cp � cq)�1 for p 2 I, q 2 J, I = J
,

(26)
and the denominator in each term includes excitation en-
ergies of a noninteracting-group limit (↵ = 0), defined in

3

up to their absolute values |!+
⌫ | = |!�

⌫ |. The elements of
the matrices A↵, B↵ are linear in terms of the coupling
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relative energies (approximating dissociating energies) are equally low for the three models.

Clearly, employing the formulas E
AC(0)
corr or E

AC(1)
corr allows one to avoid performing numerical

-integration. Usage second-order expression E
AC(0)
corr provides further advantage in reducing

the computation cost, since there is no need to solve full ERPA problem. Only solutions of

the separate ERPA problems for each group are required. For the GVB-PP ground state

wavefunction a simple closed-form expression has been derived, which leads to the sameM5

scaling with the number of basis set functions M of the AC(0)-GVB method as that of the

MP2 method. It is quite remarkable, taking into account that AC(0)-GVB accounts for

dynamic and static correlation and it remains accurate in the strong correlation regime.

Conclusions

AC, ERPA, linearized AC are comparable in accuracy but linearization is the least ex-

pensive. Advantage over perturbation treatment of Rosta - no need to Önd excited states -

lower cost. Possibility to use AC for GPF, CASSCF?

M5 Scaling makes the AC(0)-GVB method the most e¢cient multireference method.

Also for weak interaction.

only for singlet states but extension to CASSCF should be possible

equivalence with ERPA-GVB established.

The integrand is linear only in the strongly correlated regime since static correlation is

taken into account by group functions and degeneracy does not lead to divrgance in the

denominator. Thus, the linearized approximation and the  = 1 interpolation should be

useful also in the general GPF case! Stays stable for multiple bond dissociation - more than

one pair of degenerate orbitals.
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FIG. 1: Adiabatic connection integrand W↵ [Eq.(13)], its 1st-
order approximation [Eq.(20)], and the ↵ = 1 interpolation
formula [Eq.(27)] for the F2 molecule in the dissociation limit
plotted agains the coupling strength ↵.
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FIG. 2: H2O with both OH bonds dissociating. The same
notation as in Fig.1 has been used.

Eq.(22)-(23). We have obtained a closed-form expression
for the correlation energy EAC0

corr , Eq.(21), which can be
seen as an extension of the MP2 correlation energy for
a multireference case (it becomes identical to the MP2
correlation energy if each group function includes only
one orbital). It is worth noticing that the 1st-order inte-
grand given in Eq.(25) does not diverge even when one
or more pairs of orbitals become degenerate (i.e. the oc-
cupation numbers of pairs of orbitals approach the value
1/2). In this limit the excitations !+

pq corresponding to
degenerate orbitals predicted by the ERPA equations do
not approach zero, in fact they contribute to double ex-
citations [15].

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

-0.03

-0.02

-0.01

0.00

H8 : RH-H=3.4 [a.u.]

 

 

W
α
 [a

.u
.]

α

 Wα

 W(0) + α W(1)

 α Wα=1

FIG. 3: Linear H8 chain with equidistant hydrogen nuclei.
The same notation as in Fig.1 has been used.

TABLE I: Energy values obtained in cc-pVDZ basis set [19]
by exploiting formulas given in Eqs.(12), (21), and (28) for
the GVB reference wavefunctions (AC-GVB, AC0-GVB, and
AC1-GVB methods, respectively). For F2, H2O, and H8

molecules the reference energy values have been obtained with
the CCSDTQ (data from Ref.[20]), FCI, and DMRG meth-
ods, respectively. Energy values and bond lengths in [a.u.].

Molecule Method Eeq Ediss �E

F2 Reference -199.104 -199.059 0.045

Req = 2.80 AC-GVB -199.071 -199.032 0.040

Rdiss = 8.00 AC0-GVB -199.080 -199.036 0.044

AC1-GVB -199.072 -199.025 0.047

H2O Reference -76.242 -75.909 0.333

Req = 1.81 AC-GVB -76.227 -75.886 0.341

Rdiss = 7.00 AC0-GVB -76.234 -75.888 0.346

AC1-GVB -76.227 -75.878 0.349

H8 Reference -4.495 -4.130 0.365

Req = 1.83 AC-GVB -4.462 -4.104 0.358

Rdiss = 3.40 AC0-GVB -4.454 -4.103 0.351

AC1-GVB -4.467 -4.101 0.365

We have investigated AC integrands given in Eq.(19)
corresponding to the GVB reference wavefunction for a
number of systems of diversified electronic structures and
found that the integrand does not deviate significantly
from linear behavior even when strongly correlated or-
bitals are present. Figs.1-3 show plots of AC integrands
for three representative examples when one, two, or seven
orbital pairs become degenerate and the corresponding
system enters a strong correlation regime. The chosen
systems are: fluorine molecule (one electron pair break-
ing), water molecule (two OH bonds breaking simultane-
ously), linear hydrogen chain H8 with equidistant hydro-
gen nuclei (seven electron pairs become degenerate). As

Energy values and bond lengths in [a.u.]. 



Dissociation of F2 in cc-pVDZ basis set

CCSDTQ results from: M. Musial and R. J. Bartlett, J. Chem. Phys. 135, 044121 (2011).
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CASSCF (or DMRG) reference 

relative energies (approximating dissociating energies) are equally low for the three models.

Clearly, employing the formulas E
AC(0)
corr or E

AC(1)
corr allows one to avoid performing numerical

-integration. Usage second-order expression E
AC(0)
corr provides further advantage in reducing

the computation cost, since there is no need to solve full ERPA problem. Only solutions of

the separate ERPA problems for each group are required. For the GVB-PP ground state

wavefunction a simple closed-form expression has been derived, which leads to the sameM5

scaling with the number of basis set functions M of the AC(0)-GVB method as that of the

MP2 method. It is quite remarkable, taking into account that AC(0)-GVB accounts for

dynamic and static correlation and it remains accurate in the strong correlation regime.

Conclusions

AC, ERPA, linearized AC are comparable in accuracy but linearization is the least ex-

pensive. Advantage over perturbation treatment of Rosta - no need to Önd excited states -

lower cost. Possibility to use AC for GPF, CASSCF?

M5 Scaling makes the AC(0)-GVB method the most e¢cient multireference method.

Also for weak interaction.

only for singlet states but extension to CASSCF should be possible

equivalence with ERPA-GVB established.

The integrand is linear only in the strongly correlated regime since static correlation is

taken into account by group functions and degeneracy does not lead to divrgance in the

denominator. Thus, the linearized approximation and the  = 1 interpolation should be

useful also in the general GPF case! Stays stable for multiple bond dissociation - more than

one pair of degenerate orbitals.
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1. Find CASSCF solution (for assumed spaces of active, 
inactive and secondary orbitals).

2. Solve ERPA equations (only 1- and 2-RDM are needed).

3. Compute correlation energy, which accounts for correlation 
among active, inactive and secondary orbitals.
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ERPA equations have been solved for the CASSCF 1-RDM 
and 2-RDM approximated by a Buijse-Baerends form
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Notice that the correlation energy is determined 
only by the 1-RDM of the reference wavefunction! 



Dissociation of linear H8 chain in cc-pVDZ basis set
CAS(8,8)
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Symmetric dissociation (both OH bonds break) of water in cc-pVDZ basis set, 
CAS(8,8)

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

2 3 4 5 6 7

-76.2

-76.1

-76.0

-75.9

-75.8

 

 
En

er
gy

 [H
ar

tre
e]

R [a.u.]

 FCI
 CASSCF
 NEVPT2
 AC1-CASSCF



Dissociation of N2 in cc-pVDZ basis set, CAS(6,6)
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Part 4 - conclusions

The adiabatic connection formula together with ERPA equations yields 
accurate ground state energy for multireference wavefunctions.

Extensions to excited states are straightforward.

For CASSCF or DMRG the method is an attractive alternative (free of the 
intruder state problem and size-extensive) to the perturbation (PT2) 
approach. 



Part 4 - conclusions

Notice that we have considered partitioning of orbitals space into disjoint 
subspaces, resulting in partitioning 1- and 2-RDM’s as

To simplify the formalism and obtain, hopefully, densities localized on fragments, introduce

a strong-orthogonality constraint

8I 6=J
Z
I(x1 : : : xNI )

J(x1 : : : xNJ )dx1 = 0

The consequence is partitioning of the one-electron reduced density matrix

(x; x0) = A(x; x0) + B(x; x0) + C(x; x0) + : : :

(x1; x2;x
0
1; x

0
2) =

X

I=A;B;C:::

I(x1; x2;x
0
1; x

0
2) +


1 P̂12

X

I 6=J

I(x1; x
0
1)

J(x2; x
0
2)

and a density

(r) = A(r) + B(r) + C(r) + : : :

I(x; x0) = NI

Z
I(x; x2 : : : xNI )

I(x0; x2 : : : xNI )dx2 : : : xNI

Strong orthogonality implies the following for the natural spinorbitals of the two 1-RDMís

A B

8A6=B

'Ai j'

B
j


= 0

Special cases of

 = A ^B ^C ^ : : :

NA = NB = NC : : : = 1

A;B;C are simply one-electron functions (spinorbitals)

 is a Slater determianant

Second case

NA = NB = NC : : : = 2

I = I(x1; x2) - strongly orthogonal geminal

8I 6=J 8x;y
Z
I(x0; x)J(x0; y)dx0 = 0

 is a wavefunction in the APSG approximation
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 =
X

I

I +
X

I 6=J

I ^ J + corr[

I

]

Etot =
X

I

E[I ] +
X

I;J

EIJXC + Ecorr[

I

]

Possible extensions

E[I ] = ERDMFT [I ]

E[I ] = EDFT [I ]
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Functionals can be used to describe group energy
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